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ABSTRACT. In this paper we consider Hausdorff locally solid Riesz spaces
(L, r) and we denote by (E, 7) the Hausdarff topological completion of (L, 7). It is
proved that (E, 7) is a Hausdorff locally solid Riesz space containing L as a
Riesz subspace. We study the properties of (L, r) which are inherited by (f., ).

0. Introduction. It is known that every Hausdorff topological vector space
(E, 1) has a unique, up to a topological and algebraic isomorphism, Hausdorff topo-
logical completion (E, 9, i.e., there exists a complete Hausdorff topological vec-
tor space (E, D such that (E, 1) is a dense subspace of (E, 7) (see [12, p. 17]
or [4, p. 131]). It is also known that if {V} is a neighborhood basis of the r-neigh-
borhoods of zero then {V}, where V is the 7-closure of V in E , is also a neighbor-
hood basis for the 7-neighborhoods of zero in (E, ) (see [12, p. 17]), which in par-
ticular implies that (E, 7) is metrizable if, and only if, (E, r) is metrizable.

In the following we shall assume that (L, 7) is a Hausdorff locally solid Riesz
space with its Hausdorff topological completion denoted by (£, 7). In this paper
we shall investigate the properties of (L, r) which are inherited by (L, 7).

This problem, in the case of the normed Riesz spaces, has been investigated
by W. A. J. Luxemburg [7]. In the case of Hausdorff locally convex, locally solid
Riesz spaces some results have been obtained by M. Duhoux [2] and I. Kawai [5].
Some other interesting results have been obtained by D. H. Fremlin in [3].

1. Notation and basic concepts. For notation and terminology concerning
Riesz spaces we follow [9]. Let L be a Riesz space. A vector subspace A is
called a Riesz subspace if for every u, v €A the element z V v (taken in L) is
in A. A vector subspace A is called an ideal if |u| < |v| and v €A implies z €A.
An ideal A is called a o-ideal if 6 <, TuinL and {unl CA implies z €A. An
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ideal B is called aband if 0 <u, 1 « in L and {u,} C B implies z € B. A band
B is called a principal band if there exists u € B such that B is the smallest
band containing u, i.e., if it follows from # € A and A is a band that B C A. In
this case we denote B by B, .

A Riesz space L is called 0-Dedekind complete if every nonempty countable
subset bounded from above in L has a supremum, or equivalently, if 6 <u T <u,
in L implies u, T 4 for some z in L. L is called Dedekind complete if every non-
empty subset of L bounded from above has a supremum, or equivalently, if 6 <
u, T Su, in L implies u, T u for some  in L. Finally L is called super Dedekind
complete if it is Dedekmd complete and if 0 <u, TuinL implies u, T u for
some sequence {z, }C fu b

A Riesz space L is called Archimedean if § <nu <v for n=1,2,++. and
some u, v €L implies u = 0.

A band B of a Riesz space L is called a projection band if B® B%- L, where
B?={u €L: |u| A |v| =0 for all v € B}. The Riesz space L is said to have the
projection property if every band is a projection band. The Riesz space L is said
to have sufficiently many projections if every nonzero band contains a nonzero
projection band. Finally, L is said to have the principal projection property if
every principal band of L is a projection band.

A subset S of L is called a solid set if |u| <|v| and v €S implies u €.

If r is a linear topology of L (a topology for which both mappings (u, v) = u + v,
(A, #) P Az are continuous) with a basis for the neighborhood system of the origin
consisting of solid sets, then (L, r) is called a locally solid linear topological
Riesz space, or briefly, a locally solid Riesz space.

Following W. A. J. Luxemburg and A. C. Zaanen [8, Note X] we use the fol-

lowing conditions for locally solid Riesz spaces (L, r):
(4, 0): u, 16 and tu,} r-Cauchy implies u, Lo,
(A, i): u, | 0 implies u Lo,
(A, ii): u, | 0 implies u, 1+ 6,

(A, iii): 0 <u, 1 <u implies that {u } is a r-Cauchy sequence, i.e., every
order bounded increasing sequence in L is a r-Cauchy sequence,

(A, iv): 0 <uy 1 <u implies that {u,} is a r-Cauchy net, i.e., every order
bounded increasing net is a 7-Cauchy net,

(B,i): 0<u, T and {unl r-bounded implies that funl is a r-Cauchy net,
(B, ii): 6 <u, T and {u,} r-bounded implies that {z,} is a 7-Cauchy net.

(A subset S of a topological vector space (E, r) is called r-bounded if for
every neighborhood V of the origin there exists a positive number A >0 (depend-
ing on V) such that A C V (see [4, p. 108]).)

The next theorem gives some information about the interrelation of the above
properties.
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Theorem 1.1. For locally solid Riesz spaces the following bold:

() (A, i) = (A, 1) = (4, 0).

(ii) (L, 7) satisfies (A, iii) if, and only if, (L, 1) satisfies (A, iv).
(iii) (L, 7) satisfies (B, i) if, and only if, (L, 1) satisfies (B, ii).
(iv) (B, i) = (A, iii).

(v) If L is Archimedean, then (A, ii) == (A, iii).

See [1, Theorem 2.1].

Next the above properties are illustrated with examples.

Example 1.2. (i) Consider the Riesz subspace L of I  consisting of all
sequences which are eventually constant, i.e., f = {x"} is in L if there exists a
constant ¢ and an integer n, (both depending on f) such that x = ¢ for all n > n,.
Let 7 be the Hausdorff locally solid topology generated on L by the sup norm.
Then r satisfies (A, 0), but (A, i), (A, iii) and (B, i) do not hold. Note that r is
not complete.

(ii) Consider the Riesz space L of all real sequences which are eventually
zero, i.e., f= {xn} is in L if there is n, (depending on f ) such that x n =0 for
all # > n, with the pointwise ordering. Let r be the Hausdorff locally solid topol-
ogy generated by the sup norm. Then (L, r) satisfies (A, ii) and (A, iii) but does
not satisfy (B, i). Note that r is not complete.

(iii) Let L = C[o,l]’ i.e., let L be the Riesz space of all real valued con-
tinuous functions defined on [0, 1] with the pointwise ordering and let 7 be the
Hausdorff locally solid topology generated by the norm p(u) = [ 5 |u(x)| dx. Then
(B, i) and (A, iii) hold, but (A, 0) does not hold [9, Exercise 18.14 (i), p. 104]).
Note that r is not complete.

(iv) Let L be the Riesz space of all real valued functions defined on an
uncountable set X and such that for every [ € L there exists a real number f(e)
such that, given any € > 0, we have |f(x) - f(x)| > ¢ for finitely many x. In other
words, L = C(Xw), where X is the one-point compactification of the set X, topol-
ogized with the discrete topology. Let r be the Hausdorff locally solid topology
generated by the norm p(z) = sup {|u(x)|: x € X}. Then (L, r) satisfies (A, i), but
(A, ii), (A, iii) and (B, i) do not hold. Note that 7 is complete.

(v) Let 0<p<1 and let L be the real vector space of all real valued
Lebesgue measurable functions f defined on [0, 1] such that |, (1, I/ (D)]P dt <+ eo.
Then L becomes a Riesz space under the ordering f < g, whenever f(x) < g(x) for
all x €[0, 11. Now, given n €N, 8> 0 and F ={x;,:++, x1C [0, 1], define the
set:

We 5= {u €L: f; |u(x)|?dx <1/n and |u(x)| <8, for i=1, -+, k}.

For F running over the finite subsets of [0, 1], » over N and & over (0, + o) we
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get a family of sets {WF 8} which is a filter basis for a neighborhood system of
the origin for a umquely determined linear topology r of L [4, p. 81]. Obviously
each We ot is a solid set. It is also evident that r is a Hausdorff topology, so
(L,7) isa Hausdorff locally solid Riesz space.

Then we can verify the following properties:

(1) r is a sequentially complete but not a complete topology.

(2) (A, i), (B, i) and (A, iii) hold, but (A, ii) does not hold. (See [1].)

(vi) Let L = RX, where X is a nonempty set, and let 7 be the product topol-
ogy. Then (L, r) is a Hausdorff locally solid Riesz space satisfying (A, ii),

(A, iii) and (B, i) conditions. Here r is complete.

(vii) The product of the spaces in examples (i) and (ii) with the product topol-
ogy gives a Hausdorff locally solid Riesz space (L, 7), in which (A, 0), (A, iii)
and (B, i) do not hold. Note that r is not complete. O

Note. It is easy to see that (A, iii) is equivalent to the statement: *‘Every
sequence {u }CL with 6 <u, | is a r-Cauchy sequence.”
The following two lemmas will be useful later.

Lemma 1.3. Let (L, 7) be a Hausdorff locally solid Riesz space. Then we
bave:
(i) L is an Archimedean Riesz space.
@i If uaT and ua—'-» u, then uaI u in L, A similar statement holds for
decreasing nets.
(iii) Every band of L is r-closed.

Proof. First we note that since r is a Hausdorff topology L* is r-closed,

simply because L* ={ueL: u~ = 6}.
(i) Let <nu<v for n=1,2,-+- and some z, v eL*,

Then we have 0 <v/n - u Lo—u € L*, which implies = 0.

(ii) For fixed a, we have u, — U, > 6 for all a> ag.
It follows from this that z — L > 0. This shows that # is an upper bound of
{u,}. Now if u, < v forall a,then 6 <v-u,Lsv—-u. Hence u<v. This shows
that z,

(m) Let D be a nonempty subset of L and let z € Dd where D? = {v € L:
lo] A |w] = @ for all w € D}. Then there exists a net {u,} C D? such that u, D> u,
Now if w €D it follows that 6 = |u,| A |w| L |u| A |w| and hence (since r is a
Hausdorff topology) |u| A |w| = 6, i.e., u € D% This shows that D? is r-closed.
Since every band A of L satisfies A = A% [9, Theorem 22.3, p. 114] it follows
easily that every band of L is r-closed. O

Lemma 1.4. Let (L, r) be a Hausdorff locally solid Riesz space. Assume that
for the two nets {f,}, {g,} of L we bave 0< [, 1<g, | and g, - f, 1+ 6.
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Then [, 1 f in L if, and only if, g,lf in L.

Proof. Assume first /alf in L. Let g,>g> [ forall a. Then g, ~f, =
(go-f)" > (g~ 1)* > 6. It follows from this that (g~ f)* 5 0. But, 0 < (g~ [AMI
(g - N?* = g - f. Hence from Lemma 1.3(ii) we get g — /=0, i.e., g4 4 f- Now,
if gl fin L,then wehave 0<f=fAf,1<g,—fo=20.S0 f=fAf,Ls0. I
follows from Lemma 1.3(ii) that f— fA f, =6 forall a, so f< [, forall a. Since
go [ and [, <g, forall a it follows easily that f, | f. O

2. The completion space (L, 7). We recall that by (L, 7) we shall denote a
Hausdorff locally solid Riesz space and by (L, 7) its Hausdorff topological complet
tion. We shall call (L, 7) the topological completion of (L, 7).

We start with the following important theorem.

Theorem 2.1. Let (L, r) be a Hausdorff locally solid Riesz space and let
(L, ) be the topological completion of (L, 7). If L* denotes the 7-closure of L*
in L, then L* is a cone of L, and (L, 7) equipped with this cone is a Hausdorff locally
solid Riesz space. In particular it follows that L is a Riesz subspace of L.

Proof. We show first that L* (= the F-closure of L* in L) is a cone of L.
Since L*+ LY¥CL* and aL*CL* forall a >0, it follows easily from the conti-
nuity of the addition and the multiplication that

L*+L*cL* and aL*CL* forall a>0.
So, we have only to show that L¥N~L* = {8}. To this end, let 2 e L*N_L*,
Then there are two nets {u,}, {wﬁ} C'L* such that ualo a, wg 2, 4. Thus

0<u,<u atwg T (,/3) .

Since r is a locally solid topology we see that ua—» 0. Hence @ = 0, since 7 is
also a Hausdorff topology This completes the proof that L* is a cone of L.

We show next that (£, L*) is a Riesz space. The mapping  Fu"* from (L, 7)
into (L, ) is a uniformly continuous mapping. Hence, since (L, 7) is complete,
it can be extended uniquely to a uniformly continuous mapping p from L inwo L.
We show next that p(ﬂ fvo in L. To this end, let fEI: Then [ai»ffor
some net {f,} of L. - It follows from f2> 1, that p(f,) - -fo=/t -1, €L* which
nmphes () - / eLt-L* s ioe4, p(ﬂ >/ in L. Obviously, we also have that p(ﬂ
€ L Now let f< g gand 6<g in L. We pick two nets {f,}, {g,} of L* such that
fa —-»g / and ga—vg, then we have b -.ga-/a—-»/ But then g, = ga>b+
so g, = plb,) € L* and from this we get (by taking the >-limits) that g-v(NelL?,
ice., 8> (/) in L. This shows that (/) = * in L, and this shows that (£, L*)
is a Riesz space.

We finally show that (L, ?) is a locally solid Riesz space. To this end let
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V €{V}. Pick W € {V} such that W + W C V. Choose next W, € {V} such that W, +
W CW. Since u+» u* is continuous there exists U € {V} such that # € U implies
1'4' € W,. Since we can suppose that our original basis {V} of (L, ) consists of solid
sets, {V} will be consisting of circled sets. But then & € U implies — 7 € U and so
d)*=0"¢€ W Thus
|9l =%+ 0~ €W + W, CW.

Hence 7 €U implies |5| € W. Now let |&| < |5| with & € U. Then obviously we
have that & and #~ arein W andhence @ =% * — &~ €W+ W C V. This
shows that the solid hull S(U) of U is contained in V, i.e., U C S(U) C V. This
shows that (L, ) is a locally solid Riesz space. O

The next theorem gives a characterization for L to be an ideal of L.

Theorem 2.2. Let (L, ?) be the topological completion of the Hausdorff locally
solid Riesz space (L, 7). Then the following statements are equivalent.

(i) L is an ideal of L.

(ii) Every order interval of L is r-complete.

Proof. (i) = (ii). Since [f, gl = f + [0, g - f] it is enough to show that every
interval [0, «] (« € L*) is r-complete. So let {f,} bea r-Cauchy net such that
0<f,<u forall a € {a}, u is fixed in L*. Then fa —of in L for some [ in L.
It follows that 0 < f< u and so since L is an ideal of L we obtain fin L,i.e.,
[, 4] is r-complete.

(ii) = (i). Assume 60 </< u, / €L and z € LY. We have to show that f is in
LY, since L is a Riesz subspace of L. we pick a net {f,}C L* such that /a.—"/
We may suppose that 6 < f, <u for all a, otherwise we replace each f, by fo Nu.
The r-completeness of [0, u] and the Hausdorff property of r imply that [ is in L,
i.e., that L is an ideal of L. o

Note. If L is an ideal of L then L is order dense in L, i.e., {L}= L. Indeed,
if 0<J €L? then /aiffor some net {f,} of L*, therefore 0 = fa N f—?-v fy so
f =0 and hence L%={6}. Thus {L}= L% = L. ({D} denotes the smallest band
containing the nonempty subset D.)

Ve recall that a net {f;} of L order converges to f in L if there exists a net
{gq} of L such that |f, - | <g,} 0 in L. We denote this by f, © f.

The next theorem deals with the embedding of L into L and generalizes a
result of I. Kawai (see [5, p. 296, Theorem 4.1]).

Theorem 2.3. Let (L, ?) be the topologzcal completion of a Hausdorf/ locally
solid Riesz space (L, 1) and let I: L — L be the embedding of L into L, i.e.,
I(f)=f forall { € L. Then the following statements are equivalent:

(i) The embedding of L into L, preserves arbitrary suprema and infima, or
equivalently, fal 6 in L implies f, 1 6 in L.
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(ii) For every r-Cauchy net {f,} of L* such that /a(—")->0 in L, we have that
1,500,

Proof. (i) = (ii). Let {f,}C L*bea r-Cauchy net such that fa_$°—)v @ in L.
It follows that there exists a net fgal C L* such that 6 < f.<g, 10 in L. By
hypothesis we have also gal 6 in L. We note that {f,} being a r-Cauchy net, is
also a F-Cauchy net, so f, s [ for some [ € L. But, for fixed B €{a} and a > 8
we have 6 <[, < ga< gp which shows that 0<f< gp in L forall B efal It
follows then that f = 0, so /a—-» 0, i.e., f,-5 6.

(ii) = (i). Let |, 1 6 in L and assume that fa> /> 6 for all o€ fa} in L.
We have to show that f = 0. Let {g,! be a net of L* such that 3)«"’/ Then we
have

ley Afu=T1=1gy Afa=TAL) <lgy =TI forall a,A.

This shows that

? ~
N T /-
In particular we have that {g, A f .} is a 7-Cauchy net of L. We also have

0<gyAfa<lal 0 in L. From our hypothesis it follows that g, A f, —-—»0 Hence
A (A,2) A ay
f =6 and this shows that fa leinL. o

Theorem 2.4. Let (L, r) be a Hausdorff locally solid Riesz space. Then the
following statements are equivalent.

GL=L, i.e., L is r-complete.

(ii) For every [, g €L with [< g there exists { € L such that [<[<g.

Theorem 2.4 is a corollary of the following general theorem.

Theorem 2.5. Let L be a Riesz subspace of the Archimedean Riesz space
K. Thei. the following statements are equivalent.

(i) L=K.

(ii) For every [, g € K with {< g there exists u € L such that [<u<g.

Proof. It is evident-that (i) =» (ii). We have only to show that (ii) == (i). To
this end let 6 < u* € K. Let Au* be the ideal generated by «* in K. Then L, =
Ln Au,. is a Riesz subspace of Au. such that for every f*, g* in Au,., [*<g*
there is u € L, with f* <u < g*.

By the Yosida representation theorem (see [9, Theorem 45.3, p. 308]) there
exists a Hausdorff compact topological space X such that Au,., is Riesz isomor-
ghic to a Riesz subspace ﬁu,. of C(X), with #*(x) =1 for all x € X and with
Au, separating the points of X. Let on be an open neighborhood of the Eoil:t
x, of X and let x be a point of X not in on. Then there exists a function f €Au‘
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fuch that f(x) =2 and f (x,) = 0. Without loss of generality we can suppose that
[ is posmve, otherwise we replace [ by / Let V_ be an open ne|ghborhood of
x such that f (y) >1 forall y €V_. Then the funcuon of A S g =u* A\J, satis-
fies 0<g<u¥=1, glxy)=0 and gy)=1forall y eV, . Since

X - on c U V, and X-V_ is compact,
x€X = Vx 0

. 0 .
there exist neighborhoods {V_:i=1,...,2} suchthat X-V_ CJ?,V_. Let
8 x; xp = Vi=l " x;

’
A
éo =V §i =V 8;
izl izl
Then g, €4 4, ) =1 forall x notin V_, §,(x))=0 and § <3, <a*=1.
Now if X consists of one point then C(X) & R and from this it follows easily

~~ ~
that #* € L and so «* €L.
Now let X contain more than one point and let x,, x, in X be such that

*y # x,. We pick two open neighborhoods V Vx of x, and x,, respectively,

such that V, NV, =&. Let /'1 and fz be in A o such that
0< i) /2<u =1, fl(x)=/2(x2) =0,

/1(")‘ 1 forall x notin V, 1,/2(x) =1 for all B notin V. Smcc /l <u* , /2 <u*
there are g,, g, € L,, such that /l <g < u* ’ /2 <g < < #*, It follows from this
easily that

~ ~ A*
81 V82*81V82=" =1,
so @ isin L. Thus u* €L, CL. This shows that L = K. O (See also[6, p. 273]

for another proof.)
A sufficient condition for some order properties of L to be inherited in Lis

given in the next theorem.

Theorem 2.6. Let (L, r) be a Hausdorff locally solid Riesz space and assume
that L is an ideal of L. Then we bhave:

(i) If L is o-Dedekind complete, then L is 0-Dedekind complete.

(ii) If L is Dedekind complete, then L is Dedekind complete.

Proof. The proof is similar to that of Theorem 66.5 of [7, Note XVI, p. 665]. o

3. The properties (A, ii) and (A, iii) are preserved under topological comple-
tion. The next theorem deals with property (A, iii).

Theorem 3.1. (i) The topological completion (L, ?) of the Hausdorff locally solid
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Riesz space (L, 1) satisfies condition (A, iii) if, and only if, (L, 1) satisfies
condition (A, iii).

(ii) If (L, 7) satisfies (A,iii) then L is Dedekind complete and (l:, 7) satis-
fies (A, ii).

Proof. (i) Obviously (L, 7) satisfies condition (A, iii) if (L, 7 satisfies (A, iii).

Now let (L, r) satisfy (A, iii) and let 6 < /; | in L. We have to show that
ffnl is a 7-Cauchy sequence. To this end let U be a solid 7-neighborhood of zero
and let V be also a solid 7-neighborhood of zero such that V+ V + V CU.

We construct next a sequence {V ! of solid 7-neighborhoods of zero such that
Vl =V and V”+1 + Vn+l C V forn—Z 3,.++. To do this start with Vl =V.
Next pick a solid ?—nelghborhood of zero W, such that W, + W, CV. Let V, =W,.
Now pick a solid r-neighborhood of zero W2 such that W2 + W2 CW,. Let V3 =W,.
Proceeding this way we construct the above sequence {Val

Given n € N, choose an element 8, eL* such that |/ -8, | €Vn+l.
struct the sequence {f,} of L* defined by fo=Nl,gsfor m=1,2,... Then
it is evident that 6 < /nl in L. It follows then from condition (A, iii) on (L, r)

Con-

that {f } is a r-Cauchy sequence and so surely it is a 7-Cauchy sequence. This
shows in particular that |f, - | €V for all #, m> n,. We also have that

f,-1, /-/\g, V(l-g)<V(/ g;)

i=1 i=1

n
Z =8l €Vy+ VitV TV,

-1,

IN

n
—/,,52 f;-glev.

So, |7, =11 <27 |f —g;,l €Vsier, If ~f | €V forall n=1,2,....
Now for n, m>mn, we have

~

7 =T ) =L+ = f ol + =T €V+V+VCU.

Hence |/ -/ | €U forall n,m>n o» Which shows that / -/ €U for all n, m
2ng i e, {/ } isa ﬁCauchy sequence.

(ii) Let o <ih<f in L. Then by (i) and Theorem 1.1(ii) we see that {U is
a r-Cauchy net. Hence /a—' g in (L, 7). Now, Lemma 1.3(ii) shows that 0 < [aT 8
in L, i.e., L is Dedekind complete. To see that (L, 7) satisfies (A, ii) observe
that a complete Hausdorff locally solid Riesz space satisfies (A, ii) if, and only
if, it satisfies (A, iii). O
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Theorem 3.2. If the Hausdorff locally solid Riesz space (L, 1) satisfies con-
dition (A, ii), then the topological completion (L, %) of (L, 1) satisfies also the
condition (A, ii).

Proof. From Theorem 1.1(v) it follows that (L, r) satisfies condition (A, iii)
and from Theorem 3.1(i) we see that (i, 7) satisfies (A, iii). It follows now from
Theorem 3.1(ii) that (L, ?) satisfies (4, ii). O

The converse of Theorem 3.2 may be false as the following example shows.

Example 3.3. Let L = C[ 1 and let 7 be the Hausdorff locally solid topol-
ogy generated by the (Riesz) norm p(f) = [} o /()| dx. Then L satisfies (4, iii)
but not (A, 0) (see Example 1.2(iii)) so in particular not (A, ii). The completion
L is the Riesz space L ([0, 1), i.e., the Lebesgue eqmvalence classes with the
usual ordering with 7 generated by the (Riesz) norm p([f]) = [} o [/(*)| dx and ita
{{71: f >0 a.e.l. It is not hard to verify that (L, 7) satisfies (A, i), O

Generalizing the idea of the topological completion we say that the locally
solid Riesz space (L,7) is a topological completion of the locally solid Riesz
space (L, r) (not necessarily Hausdorff) if:

(1) (T,?) is ¥-complete.

(2) L is embedded in L as a Riesz subspace Ll of Z; we shall think of L
and L, as identical.

(3) (L, 7) is a subspace of (T,?), i.e.,? induces r on L.

(4) L is?¥-dense in T.

The following lemma gives some information about the topological completions.

Lemma 3.4. Let (T,%) be a topological completion of the locally solid Riesz
space (L, 7). Then L* CLY (= the¥-closure of L") in (L,%). If ¥ is a Hausdorff

topology, then L* = L¥

Proof. Let 2 € L*. Then there exists a net {u,} of L such that uaZ» 7.
Since (L, ?) is locally solid and L is a Riesz subspace of T we see that u; R
7, i.e., o€ L¥. This shows that L* C LY. If now ¥ is Hausdorff then r is Haus-
dorff and hence ¥ = 7. Thus L = l:, and it follows from Theorem 2.1 that L* =
L?

. O
The next theorem is a generalization of Theorem 3.1(i).

Theorem 3.5. Let (£,%) be a topological completion of a locally solid Riesz
space (L, 7). Then (L,7) satisfies condition (A, iii) if, and only if, (L, 7) satis-
fies condition (A, iii).

Proof. The proof is similar to that of Theorem 3.1(i), taking into account Lemma
304. m]
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Next, we shall investigate under what conditions (A, i) in (L, r) implies
(A, i) in (£, 7). Example 3.3 shows that (A, i) in (£, ?) does not imply (A, i) in
(L, 1), not even for normed Riesz spaces.

4. Upper and lower elements in the metrizable case. We shall assume next
that the topology r of the Hausdorff locally solid Riesz space (L, 7) is metrizable,
i.e., the topology 7 is generated by a distance, or equivalently, there exists a
countable basis Wn‘ for the 7-neighborhoods of zero such that n:;l V,= i1
(see [4, Theorem 1, p. 111]). We shall call (L, 7), in this case, a metrizable locally
solid Riesz space.

Given a metrizable locally solid Riesz space (L, r) we define the following
subsets of L:

={feL: B{f”}QL"; 01,1 and/nf* 1,

A, 1c LY 0<f, and f,5 [l

~

A={fe

We shall call the elements of U upper elements and the elements of A lower
elements.

It is easy to verify that U and A are cones of L and that they are closed
under the lattice operations.

Concerning the metrizable locally solid Riesz spaces we have the following
lemma, essentially due to W. A. J. Luxemburg [7, Theorem 60.3].

Lemma 4.1. Let (L, 1) be a metrizable locally solid Riesz space. Assume V
is a r-neighborhood of zero of L and 0 < | € L. Then there exists an element
@ € U such that [< 2 and @i — [ €V, or in other words, every positive element of L is
the 7-limit of a decreasing sequence of upper elements.

Proof. First we pick a countable basis {V } of solid r-closed neighborhoods
of zero of L such that

V"+1+Vn+l§Vn, form=1,2,..-.

Choose a V, from {V_}. Since 6 <feL we have /ni» f for some sequence i7,}

of L*. This implies that {f ) is a -Cauchy sequence. Let {g,} be a subsequence
of {/n} such that |g’w1 - gnI €V iins2 for n=1,2,.++,and let u; =6,

n-1

+
uﬂsgn+zl|g1+l-gl|el" ﬂ=2,3,'oo.
i=

Then u 1~ 4, =g,.1~ |gM_l 8, | >0 for n=2,3,..., which shows that
0< u, Tin L. F urther fu l is a 7-Cauchy sequence, as we can easxly verify, so
u, L, 7 for some # € L. Since 8,lu, for n=1,2,+++ and g, -—»[ in L, we
have also that / <.
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It follows, now, from
-1

lu, -l <lg, - 11+ Z lg; 1 -8l €lg, =1+ E Vis2si

Cle, =71+ Ven
that u - fe V, for all sufficiently large n. Since V is 7-closed it follows that
u- / 6 V- This completes the proof of the ﬁrst part. R .
Now, given 7 € N pick an upper element / such that f< fyoand [ -f€V . Let g

Aot T m=1s25me.
Then g, is an uppetelementforall n, /<g forall n=1,2,--+,2 linL

and 6< g, -f</ -f€V,1e &, L, /. This completes the proof. O

The following lemma is the “‘dual’’ of Lemma 4.1 and can be proved in a
similar manner as Theorem 60.6 of [7, Note XVI, p. 649].

Lemma 4.2. Let (L, 1) be a metrizable locally solid Riesz space. Assume
V is a r-neighborhood of zero of L,and 6 < f €L. Then there exists an element
@ €A, such that @ < f and [ - @€V, or in other words, every positive element of
L is the #-limit of an increasing sequence of lower elements.

5. The properties (A, i) and (B, i) in the metrizable case. We prove first
that the property (A, i) is preserved under topological completion of the metrizable
locally solid Riesz spaces.

Theorem 5.1. The completion (L, ?) of the metrizable locally solid Riesz
space (L, 1) satisfies (A, i) if (L, 1) satisfies (A, i).

Proof. Let {V ! be a countable basis of the neighborhood system of the ongm
of L consisting of solxd sets and let / 1 6 in L. We shall show that / i,0.

ForagnvenneN,letu"GUbesuchthat0<f <u and @ / EV,.
This is possible by Lemma 4.1. Let &, = A7_, @, €U, then we have 0 </ l<
w, lin L and 0<w, -f, <a, —f €V,, for n=1,.00,50 & —f L.9.

Since / 1 @ in L it follows from Lemma 1.4 that w 1 6 in L. This shows
that we may assume that {/ {C U, i.e., that f/ } is a sequence of upper elements.

Now let V, be one nexghborhood from the sequence W . Given n €N,
choose an element g, € L* such that / €V ins2? and 6<g, <f Note -
that this is possible since {/ lcu.

Let [, =A7_, 8; eL” for n=1,2,.-.. Then we have

’l

0<f -f,=1, -/\g, V(/ -g)</\(/ g;)

izl ixl

< Z (/ g) Vit V2 SV

izl
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So, fn-/n €Vy,gforn=1,2,--.

Now we observe thatf l6inL,sof, 1, 0 since (A, i) holds in (L, 7).
This 1mpl1es that f, L, 6. In particular we have [, €V, o for all > n,. So, we
have / =/, +(/ = 1) €Vi* Vi, SV, for n2ng, hence /' €V, for n>ng,
i.e., / ——»0 o

We recall that a positive operator T from a Riesz space L into another is
called an integral if | 0 in L implies T(x,) | 6 in M.

Theorem 5.2. Assume that (L, 1) and (M, 0) are two Hausdorff locally solid
Riesz spaces with (L, r) metrizable and with (M, 0) satisfying (A, i).

If T: (L, 1) — (M, 0) is a positive continuous linear operator which is also an
integral, then the unique linear continuous extension T:(L," — (M, 6) is also
an integral.

Proof. Obviously the continuous linear extension of T, T, is positive. Let
2,10 in L. We have to show that 7'(12 )1 6 in M. We can assume that a tcu.
Indeed as in the previous theorem we can constructa dcc:easmg sequence {w Icu
such that 0 <&, <@ for n=1,2,-++ and & -1 -40 So,0<T(u )l <’I(w Dl
for n=1, 2,--- and 0<T(w )-T@ = T(u - )-—»0 UsmgLemmal4wecan
see that our assertion is vahd So, let a, iC U be such that 2, 1 6 in L. We have
to show that T(Z D0 in M. Assume that T@ 22 b> 0 for n=1,2,+++ and some
beM.

Let W be a solid & -neighborhood of zero of M and let W, be another G-neigh-
borhood of zero of M such that W, + W, C W. We choose next a solid F-neighborhood
V of zero of L such that T(2) € W, for all Z €V. Let {V_} be a basis for the
neighborhood system of the origin of L consisting of solid sets and such that V_
+V"+1CV ,n=1,2,¢ec and V +V1CV

Given n € N pick an element 0 Su, € L* such that 8 < u,<d and 0 -
u, €V .Letw = Au,n=1, 2,-.-. Then obviously w l 0 in L and so
T(w n l 0 in M. Hence it follows from (A, i) of (M, o) that T(w,) = 6. So in par-
ncular T(w,) €W, forall n>n,

We observe now that

<2 ~w,=a,- N\ u V(u -u)<V(u -u)
i=l

i=1 i=1

<2(u —u) €V i+ dV, CV i +V CV,

i=l
sod —w, €V forn=1,2,-... Hence 0<h<T@ )= T(r? —w)+ T(w) €W, +
w,C W for all n>n;. So b eW forall a-nelghbon:hoods w of zero of M. Smcc g
is a Hausdorff topology we have b = 0, i.e., (7 ) | 6. This completes the proof. O
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The following theorem says that (B, i) is preserved under the topological com-
pletion of a metrizable locally solid Riesz space.

Theorem 5.3. The topological completion (L, ?) of a metrizable locally solid
Riesz space (L, 7) satisfies (B, i) if, and only if, (L, 7) satisfies (B, i).

Proof. Obviously if (L, 7) satisfies (B, i) then (L, r) satisfies (B, i). So
assume (L, 7) satisfies (B, i) and let 0 < f T be a ?-bounded sequence of L. we
have to show that {/ } is a 7-Cauchy sequence. To do this, let {V ! be a sequence
ns1 CV for n=1,2,¢.-.
Picka V, from {V_l. Given n>k+2 choose an element g € L* such that 7, -

of solid ?-neighborhoods of zero such that V atVv

gnl € Vn+l’ and construct the sequence f, =\/7 ieky3 8; for n= k+3, k44,000,
Then we have 6 <f 1 in L, and

n

/n-fn= v (gi-fn)S V (gi—fi)

i=k+3 i=k43

n
.<. Z Igi-fil evk+3+°--+Vn§Vk+2,

i=k43
~ ~ n ~
fn-/nS/n-gn < Z |gi~.fi|’
isk43
for all > & + 2, so, Ifn-/nl <27 ks |fl -g;| €V,,,; hence [/n-inl €V, for

n=k+3, k+4y.0e.
On the other hand we have

6< E If;-g] 1 and {Z |/‘,.-g,-l=nzk+3}

i=k43 i=k43

is a 7-Cauchy sequence. Hence

- ?

for some [ € L. It follows from Lemma 1.3(ii) that £7 ka3 l/ -gil 1/ s0,0%<
|[ -1, <frfor n=k+3, k+4,.-.. Since [0, [] is r-bounded {/ -fin>k+3}
is #bounded. This implies that i/ -/, } is 7-bounded.

We observe now that f, / (f -f,) for n=1,2,..+ and by hypothes1s
f/ } is a T-bounded sequence. Hence {[ } is a 7-bounded sequence of L and so
surely it is a r-bounded sequence of L. Now, since (L, ) satisfies (B, i) {f,} is
a r-Cauchy sequence of L and so it is also a 7-Cauchy sequence of L.

This implies in particular that Iln - /m| €Vip2 forall n,m>ny >k + 3.

Now, for n, m > n, we have
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|f,, - f,,,l < |f,, [+~ + = f,,,l Vit Va2t Ve CVe
so, fn - fm €V, forall n, m>n, ie., {fn¥ is a 7-Cauchy sequence. O

6. The property (A, 0) in the metrizable case. We recall that a locally solid
Riesz space (L, r) satisfies condition (A, 0) whenever it follows from u l6in
L and {u"} a r-Cauchy sequence that u"-'—> 0. It is evident that if (L, 7) is r-com-
plete and Hausdorff then (L, r) satisfies the property (A, 0).

The following theotem gives some characterizations of the (A, 0) condition
for the metrizable locally solid Riesz spaces and generalizes a result of W. A. J.
Luxemburg [7, Theorem 61.5, p. 652].

Theorem 6.1. Let (L, 7) be a metrizable locally solid Riesz space. Then the
following conditions are equivalent:
(i) L satisfies condition (A, 0).
(ii) For every 0 <[ €L there exists { € L such that 6 < < A
(iii) For every 0 <[ €L we bave f=sup{/ 6L:0_<_[5f}.
(iv) The embedding of L into L preserves arbitrary suprema and infima, i.e.,
f, 10 in L implies [,16 in L.
(v) The embedding of L into L preserves countable infima and countable
suprema, i.e., ["l 0 in L implies f, loin L.

Note. Condition (iii) is expressed by saying that L is order dense in L.

Proof. (ii) = (iii). Suppose that (iii) holds and § < f € L. Since =
suplf €L: 0<f<[Vin L it follows that 6 < f < f for some f in L and this shows
that (ii) holds. Suppose now that (ii) holds, and 6 < feL. Let g €L be such
that f €L; 0 </ < implies f< §. Assume further that § < f. 1f <[, then since
(ii) holds, we have 0 < f <f— g <[ for some 6 < f € L. This also implies, accord-
ing to our assumptions, that < f< g and so 6 <2f< f which also implies 0 <
2f < 8. Proceeding inductively we see that § <nf < fforn=1,2,0+ and <.
This contradicts the fact that L is Archimedean (Lemma 1.X(i)). So 2 = f and this
shows that [ =supif eL: 0<f< ]}

(iii) = (iv). Let f, | 0 in L. If 0 <f§ {4 for all a €ia} holds in L, then
since (ii) « (iii) there exists an element 0 <f € L such that 6 <[ < f < fq for
all a €{a}, i.e., inf{f,}#60 in L, a contradiction. This shows that f, | 6 in L.

(iv) = (v). Obvious. .

(v) = (). Let { | 6 in L and {f,} be a r-Cauchy sequence. Then f "Li
in L for some f €L, and so by Lemma 1.3(ii) we have f_ | f in L. Since (v)
holds we get [ =9, i.e., fnL» 0.

(i) = (ii). Let 0< [ €L and assume that if f € L with <[ <], then [ = 4.
We show that this assumption implies f = 6. To this end, let V be a solid 7-neigh-
borhood of zero in L. By Lemma 4.2 there exists g € A (a lower element) such
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that 6 < g <[ and f— 2 € V. So there exists a sequence {g,lc L* such that
g< 8, | and 8, 1, &, so in particular fg } is a r-Cauchy sequence. We show
next that g | 0 in L. Indeed, if 6 <g<g, forall n, then it follows that 6 < g
< 2 <[ and so by our hypothesis g =, i.e., 8, 16in L. Hence, by property
(A, 0) of (L, ) it follows that 82—’0 in L and so g, 2,0 in L. This implies
that 2 = 0. But then, f= f— 0 = [ - § € V; for all neighborhoods V of the origin
of L and this implies that / = 0. This completes the proof. O

Corollary 6.2. If a metrizable locally solid Riesz space (L, 1) satisfies Lt =
U, i.e., if every positive element of L is an upper element, then (L, 1) satisfies
condition (A, 0).

Proof Let § <] € L. Then we have 6 </, 1 7 for some sequence !/ Ic Lt
with / L» f. So in particular we have [ = sup {/ €L:9<f <f} It follows now
from Theorem 6.1 that (L, r) satisfies (A, 0). O

Next we shall investigate under which conditions the Dedekind completeness,
o0-Dedekind completeness and super Dedekind completeness of L can be carried
to the topological completion. We proceed with the following lemma.

Lemma 6.3. If a metrizable locally solid Riesz space (L, 1) satisfies condi-
tion (A, 0) and if L is o-Dedekind complete, then we have:

(i) Every interval of L is r-complete, i.e., [0, u] is r-complete for every
uelL®,

(ii) L* = U, i.e., every positive element of L is an upper element.

Proof. Let [ €A, i.c., let [ be a lower element. This means there exists a
sequence {f 1C L* such that /n 1 [ and /, —-»/ So in particular {f,} is a
r-Cauchy sequence. Since 6 <1, | in L and L is o-Dedekind complete we have
In lfe L* in L for some f. But then it follows from Theorem 6.1 that / [ € L
So, AC Lt , i.e., the lower elements of L are the positive elements of L.

(i) Now let 0 < / <f and f €L, From Lemma 4.2 and the above discussion
it follows that there exists a sequence {/ }1C LY, f,1 and [, —»/ But then f, i
fo<fin L,so fo—f, 16in L and {f, -/} 1s a r-Cauchy sequence. Hence
from condition (A, 0) of (L, r) we see that f, 2./, so [ =f €L. This shows that

L is an ideal of L. The result of (i) now follows immediately from Theorem 2.2.

(ii) We only have to show that f eL* implies f € U. This is a direct appli-
tion of Lemma 4.2 and the above discussion. O

Next we give an application of Lemma 6.3.

We recall that a subset A of aRiesz space L is called order complete when-
ever it follows from f, 1 < in L and {/,}C A that suplf,} exists in L and
supif,} €A. A locally solid Riesz space (L, 7) is called a locally order complete
Riesz space if there is a neighborhood basis of zero for r consisting of solid and
order complete sets. (See [10, p. 139].)
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With respect to the above notion we have the following theorem due to
H. Nakano (see [13]).

Theorem 6.4. If (L, 1) is a locally order complete Riesz space, then every
order interval is r-complete.

We use Lemma 6.3 to give a different proof of Theorem 6.4 in the case in
which r is metrizable. It is evident that L is Dedekind complete and so in parti-
cular it is o-Dedekind complete. We prove next that (A, 0) is satisfied in (L, 7).
Indeed, if {f,} is a r-Cauchy sequence of L and f, 16 in L then we have fo="1m
€V forall n, m> n, where V is a solid and order complete neighborhood of zero.
So for fixed n > n,, we have f, ~f Tmzno f,in L,thus f €V forall n>n,
and this shows that /n‘L’ 0, i.e., (A, 0) is satisfied in (L, 7). The result now
follows immediately from Lemma 6.3.

Theorem 6.5. Let (L, r) be a metrizable locally solid Riesz space satisfying
condition (A, 0).
(i) If L is o-Dedekind complete, then L is o-Dedekind complete.
(ii) If L is Dedekind complete, then L is Dedekind complete.
(iii) If L is super Dedekind complete, then Lis super Dedekind complete.

Proof. From Lemma 6.3(i) it follows that L is an ideal of L. So, (i) and (ii)
follow immediately from Theorem 2.6.

(iii) It follows from Lemma 6.3 that L is a super order dense ideal of L which
by its own right is a super Dedekind complete Riesz space. Also by (i) we have
that L is a 0-Dedekind complete Riesz space. The result now follows from
Theorem 29.5 of [9, p. 169]. O

Note. The condition (A, 0) is essential for Theorem6.5. In [7, p. 655, Example
66.6], W. A. J. Luxemburg exhibits a super Dedekind complete normed Riesz space
L p whose norm completion is not even o-Dedekind complete.

We continue this section by generalizing a result of Luxemburg and Zaanen
[8, Theorem 33.8, Note X, p. 505], and one of Nakano [11, pp. 321-322].

Theorem 6.6, Let (L, r) be a metrizable locally solid Riesz space. Then the
following statements are equivalent:
(i) (L, r) satisfies (A, ii).
(ii) (L, r) satisfies both (A, 0) and (A, iii).
(iii) (L, r) satisfies both (A, i) and (A, iii).

Proof. Obviously (ii) holds if, and only if, (iii) holds. Also it follows from
Theorem 1.1(v) that (i) implies (ii). So we have to show only that (ii) implies (i).
To this end let, 6§ < 1) u in L. It follows from Theorem 1,1(ii) that {ual

is a r-Cauchy net. So u, I, & forsome # in L. But then by Lemma 1.3(ii)
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we have u, 14 in L. It follows now from Theorem 6.1 that z = i, i.e., uaiv u
and this shows that (L, 7) satisfies the property (A, ii). O

Theorem 6.7. Let (L, 1) be a metrizable locally solid Riesz space. Then the

following statements are equivalent:
(i) (L, 1) is o-Dedekind complete and (A, i) holds.
(ii) (L, 7) is super Dedekind complete and (A, ii) holds.

Proof. Obviously (ii) implies (i). We show next that (i) implies (ii). We see
easily that if (i) holds then the (A, iii) condition also holds in (L, r). Hence from
Theorem 6.6 we obtain that (A, ii) holds in (L, 7).

Now let 6 <u, T <uy in L. It follows that {z,} is a r-Cauchy net. Hence
u, 2, 2 for some 7 €L. Since 7 is metrizable there exists a sequence {u, }C
{u } such that u I, 2. We can suppose that 6 <z, T It follows from the o-
Dedekind completeness of L that uz, T u for some u € L. Combining Lemma
1.3(ii) and Theorem 6.1 we see that 0 Lu, T « and this shows that L is super
Dedekind complete. O

The Example 1.2(v) shows that Theorems 6.6 and 6.7 can be false for non-

metrizable topologies.
From Theorems 3.1(ii) and 6.7 the following result should be clear now.

Theorem 6.8, Let (L,7) be a metrizable locally solid Riesz space. If (L, 7) satisfies
(A, iii) then L is super Dedekind complete and (L,7) satisfies (A, ii).

7. The projection properties. We start with the following lemma generalizing
a theorem of W. A. J. Luxemburg [7, Note XVI, Theorem 66.3, p. 664].

Lemma 7.1. Let (L, 7) be a Hausdorff locally solid Riesz space. Then-the
closure A _in (£, of the projection band A of L is a projection band of L.
Moreover A% = (A)%.

Proof. Let A be a projection band of L. Then L=A® A%. We will show
thata L=4 & Ad, where — denotes the closure in (L, 7). So let 6 57 € L. Then
there exists a net {f,}C L* such that faiv f. But then since L=A & A? we
can write fo=f, +fn, 0<f, €A, 0<f, € A% forall a € {a}, and so foq -
/a.2| = V‘;'l - /""ZI + Il:‘l - /Zzl for all a, a, (see [9, Theorem 14.4(i), p. 69)).

The last relation shows that the nets {/.} and {f;} are two ?-Cauchy nets of
L. so /;:'—»fl and f, 2"72 for some 71’ fz el.sof= 71 + fz €A+ 4% ie.,
L=7 -PA—d. To show that 4 F= 0% let 0<f€ln A-7 Then there are two
nets of L™, if.lca and {ga}gAd such that /aiﬁfand gai»f. Therefore 0 =
fo A ga—?-» fA_f= f; hence f=0 and this shows that L =2 & A%, We show next

that A and A? are ideals of L. It is clear that A is a vector subspace of L. Now
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let / €A. Then /a—?—»ffor some net {f,} C A. But then {|{ |]ICA and l/aliv
Ifl, so |f| €A. Now if < f< 2 and g €A it follows easily that f €A. This
shows that A is an ideal of L. Similarly for A%, The conclusion now follows
from Theorem 24.1 of [9, p. 131]. DO

An element 0 < e of a Riesz space L is called a weak unit if B, = L, i.e., if
the band generated by e is all of L. Note that for Archimedean Riesz spaces
0 < e is a weak unit if, and only if, |f| A e =6 implies { = 0.

A condition is given next in order for Lt possess a weak unit.

Theorem 7.2. Let (L,7) bea Hausdor/f locally solid Riesz space with a weak
unit. Assume that L is order dense in L. Then L bas a weak unit.

Proof. Let 0 <e€ L be a weak unit of L andlet §<feL; f Ae=0. Assume
0 < /. Pick an element  <f € L such that 6 <f <f. But then f A e =0, a con-
tradiction. Hence f= 6 and so Be = l:, i.e., e is a weak unit of L. o

Combining the above two results we get the following:

Corollary 7.3. Let (L, 7) be a Hausdorff locally solid Riesz space which is
order dense in L (in particular if 1 is metrizable with (A, 0)). If 0 <u € L and if
the band B, generated by u in L is a projection band, then the closure of B in
(L, 7) is the band generated in L by u.

Proof. Since z is a weak unit of B,, Theorem 7.2 implies that u is a weak
unit of Bu (the closure of B, :n L. By Lemma 7.1, B is aband of L and by
Lemma 1.3(iii) every band of L is 7-closed. The order denseness of L in L shows
that every band of L containing » must also contain B,. Thus the smallest band
containing # in Lis —u. O

From the above corollary we might expect that the principal projection property
is preserved under topological completion whenever (L ,7) is as in Corollary 7.3,

It was shown by W. A. J. Luxemburg [7, Example 65. 6,p. 663] that this is not true
and so Corollary 7.3 seems to be the best result we can get without additional
assumptions.

Theorem 7.4. Let (L, 1) be as in Corollary 7.3. Assume that L has sufficiently
many projections. Then L bas sufficiently many projections.

Proof. Let A be a nonzero band of L. Then the order denseness of L in L
implies A N L # {0} and that A N L is a band of L. Pick a nonzero projection
band B of L such that BC AN L and use Lemma 1.3(iii) to see that B CA. Now,
apply Lemma 7.1. O

Theorem 7.5. Let (L, 1) be a Hausdorff locally solid Riesz space. Assume
that L is order dense in L and that L has the projection property. Then L is
Dedekind complete.
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Proof. Let B be a band of L. Then B N L is a projection band of L. It
follows from Lemma 7.1 that B N L is a projection band of L. Note that Lemma
1.3(iii) implies B N L C B. On the other hand if 6 <& € B then 6 <u_ T holds
in L for some net {fu} of BN L and hence # € BN L, Thus B =B N L and this
shows that L has the projection property. The result now follows from [9, Theorem
42.6, p. 280] by observing that L is uniformly complete. O

Remarks. (1) If K and L? denote the universal and Dedekind completions of
L respectively and if (L, 7) is as in Theorem 7.5 then the following interrelation-
ships hold: L CL3c L C k.

(2) Note that Theorem 7.5 is an extension of Theorem 2.6(ii).

8. Open problems. We conclude this paper by exhibiting some open questions:

(1) Ate the (A, i) and (B, i) properties preserved under topological comple-
tion without assuming metrizability?

(2) Is Luxemburg’s approximation theorem (Lemma 4.1) true without assuming
metrizability? (Define § <] €L to be an upper element if § < fo T and /a-z-» f
for some net {f,} of L*)

(3) Define the following generalized (A, 0) property for locally solid Riesz
spaces (L, 7): u, | 0 and {u,} is a 7-Cauchy net implies u, - 6. Note that for
metrizable spaces this is equivalent with (A, 0) but not for nonmetrizable Riesz
spaces (Example 1.2(v)). Note also that condition (ii) of Theorem 2.3 (Kawai’s
condition) implies this generalized (A, 0) property. Question: Is Kawai’s condi-
tion equivalent with the above property in general? Or in other words, is the gen-
eralized (A, 0) property equivalent with the embedding of L into L preserving
arbitrary suprema and infima?

(4) Are the statements (iii) and (iv) of Theorem 6.1 equivalent for nonmetrizable
Hausdorff locally solid Riesz spaces?
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