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ABSTRACT.  In this paper we consider Hausdorff locally solid Riesz spaces

(L, r) and we denote by (L, r)   the Hausdorff topological completion of (L, r). It is

proved that (L, r) is a Hausdorff locally «olid Riesz space containing L as a

Riesz subspace. We study the properties of (L, f) which are inherited by (L, r).

0. Introduction. It is known that every Hausdorff topological vector space

(E, r) has a unique, up to a topological and algebraic isomorphism, Hausdorff topo-

logical completion (E, ?), i.e., there exists a complete Hausdorff topological vec-

tor space (E, r) such that (E, r) is a 7-dense subspace of (Ê, r) (see [12, p. 17]

or [4, p. 13l]). It is also known that if {Vl is a neighborhood basis of the r-neigh-

borhoods of zero then \V\, where V is the f-closure of V in E, is also a neighbor-

hood basis for the r-neighborhoods of zero in (E, r) (see [12, p. 17]), which in par-

ticular implies that (E, r) is metrizable if, and only if, (E, r) is metrizable.

In the following we shall assume that (L, r) is a Hausdorff locally solid Riesz

space with its Hausdorff topological completion denoted by (L, r). In this paper

we shall investigate the properties of (L, r) which are inherited by (L, r).

This problem, in the case of the normed Riesz spaces, has been investigated

by W. A. J. Luxemburg [7]. In the case of Hausdorff locally convex, locally solid

Riesz spaces some results have been obtained by M. Duhoux [2] and I. Kawai [5].

Some other interesting results have been obtained by D. H. Fremlin in [3].

1. Notation and basic concepts.   For notation and terminology concerning

Riesz spaces we follow [9]. Let L be a Riesz space. A vector subspace A is

called a Riesz subspace if for every u, v e A the element iiVd (taken in L) is

in A. A vector subspace A is called an ideal if \u\ < |f|  and v eA implies u eA.

An ideal A is called a a-ideal if 6 < u   ] u in L and \u 1 C A implies u e A. An
—    n n  — *
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106 C. D. ALIPRANTTS

ideal B is called a band if 9 < ua ] u in L and |aaJ C B implies u e B. A band

B is called a principal band if there exists u e B such that B is the smallest

band containing u, i.e., if it follows from u e A and A is a band that B ÇA. In

this case we denote B by B .
'      u

A Riesz space L is called a -Dedekind complete if every nonempty countable

subset bounded from above in L has a supremum, or equivalently, if 9 < u    \ < uQ

in L implies a   T a for some a in L. L is called Dedekind complete if every non-

empty subset of L bounded from above has a supremum, or equivalently, if 9 <

ua\ < uQ in L implies ua T a for some u in L. Finally L is called super Dedekind

complete if it is Dedekind complete and if 9 < ua T a in L implies aa  T a for

some sequence |aa j C |aa}.

A Riesz space L is called Archimedean if 9 < nu < v fot n = 1, 2, • • • and

some a, v e L    implies u-9.

A band B of a Riesz space L is called a projection band if B © B>   = L, where

B   = la e L: |a| A |v| = 0 for all v e B}. The Riesz space L is said to have the

projection property if every band is a projection band. The Riesz space L is said

to have sufficiently many projections if every nonzero band contains a nonzero

projection band. Finally, L is said to have the principal projection property if

every principal band of L is a projection band.

A subset S of L is called a solid set if |a| < \v\ and v e S implies a e S.

If r is a linear topology of L (a topology for which both mappings (a, v) H» a + v,

(A, a) 1-» Aa are continuous) with a basis for the neighborhood system of the origin

consisting of solid sets, then (L, r) is called a locally solid linear topological

Riesz space, or briefly, a locally solid Riesz space.

Following W. A. J. Luxemburg and A. C. Zaanen [8, Note X] we use the fol-

lowing conditions for locally solid Riesz spaces (L, r):

(A, 0): a   \, 9 and la ] r-Cauchy implies a   —► 9,

(A, i): un i 9 implies un -^* 9,

(A, ii): ua[9 implies aa ±> 9,

(A, iii): 9 < u   Î < a implies that la ] is a r-Cauchy sequence, i.e., every

order bounded increasing sequence in L is a r-Cauchy sequence,

(A, iv): 9 < ua | < a implies that |aal is a r-Cauchy net, i.e., every order

bounded increasing net is a r-Cauchy net,

(B, i): 9 < a   Î and {a } r-bounded implies that |a I is a r-Cauchy net,

(B, ii): 9 < ua î and |aaj r-bounded implies that |aal is a r-Cauchy net.

(A subset S of a topological vector space (E, r) is called r-bounded if for

every neighborhood V of the origin there exists a positive number À > 0 (depend-

ing on V) such that XA Ç V (see [4, p. 108]).)

The next theorem gives some information about the interrelation of the above

properties.
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Theorem 1.1. For locally solid Riesz spaces the following hold:

(i) (A, ii)-»(A,i)-»(A, 0).

(ii) (L, r) satisfies (A, iii) if, and only if, (L, r) satisfies (A, iv).

(iii) (L, r) satisfies (B, i) if, and only if, (L, r) satisfies (B, ii).

(iv) (B,i)=»(A, iii).

(v) // L is Archimedean, then (A, ii) ■* (A, iii).

See [l, Theorem 2.1].

Next the above properties are illustrated with examples.

Example 1.2. (i) Consider the Riesz subspace L of Z^ consisting of all

sequences which are eventually constant, i.e., /= jx } is in L if there exists a

constant c and an integer tz0 (both depending on /) such that *n = c for all n > nQ,

Let T be the Hausdorff locally solid topology generated on L by the sup norm.

Then r satisfies (A, 0), but (A, i), (A, iii) and (B, i) do not hold. Note that r is

not complete.

(ii) Consider the Riesz space L of all real sequences which are eventually

zero, i.e., / = ix } is in L if there is «Q (depending on /) such that x^ = 0 for

all 72 > «0, with the pointwise ordering. Let r be the Hausdorff locally solid topol-

ogy generated by the sup norm. Then (L, r) satisfies (A, ii) and (A, iii) but does

not satisfy (B, i). Note that r is not complete.

(iii) Let L = Cr. .i, i.e., let L be the Riesz space of all real valued con-

tinuous functions defined on [0, l] with the pointwise ordering and let r be the

Hausdorff locally solid topology generated by the norm Au) = /. \u(x)\ dx. Then

(B, i) and (A, iii) hold, but (A, 0) does not hold [9, Exercise 18.14 (i), p. 104]).

Note that r is not complete.

(iv) Let L be the Riesz space of all real valued functions defined on an

uncountable set X and such that for every / e L there exists a real number /(oo)

such that, given any e > 0, we have |/(x) - /(°°)| > e for finitely many x. In other

words, L m C(Xgo), where XM is the one-point compactification of the set X, topol-

ogized with the discrete topology. Let r be the Hausdorff locally solid topology

generated by the norm p(u) = supi|z/(x)|: x € XÎ. Then (L, r) satisfies (A, i), but

(A, ii), (A, iii) and (B, i) do not hold. Note that r is complete.

(v) Let 0 < p < 1 and let L be the real vector space of all real valued

Lebesgue measurable functions / defined on [0, l] such that fQ \f(t)\pdt <+ <*>.

Then L becomes a Riesz space under the ordering / < g, whenever f(x) < g(x) for

all x e [0, 1], Now, given n eN, 8>0 and F = {xp • • •, x¿} Ç [0, l], define the

set:

Wp n 8 = {a e L: J"J \u(x)\p dx < l/n and |«(x.)| < «5, fot i • 1, • • •, k

For F running over the finite subsets of [0, l], n over N and 5 over (0, + oo) we



108 C. D. ALIPRANTIS

get a family of sets |Wp     jl which is a filter basis for a neighborhood system of

the origin for a uniquely determined linear topology r of L [4, p. 81]. Obviously

each Wp     $ is a solid set. It is also evident that r is a Hausdorff topology, so

(L, r) is a Hausdorff locally solid Riesz space.

Then we can verify the following properties:

(1) r is a sequentially complete but not a complete topology.

(2) (A, i), (B, i) and (A, iii) hold, but (A, ii) does not hold. (See [l].)

(vi) Let L = R  , where X is a nonempty set, and let r be the product topol-

ogy. Then (L, r) is a Hausdorff locally solid Riesz space satisfying (A, ii),

(A, iii) and (B, i) conditions. Here r is complete.

(vii) The product of the spaces in examples (i) and (ii) with the product topol-

ogy gives a Hausdorff locally solid Riesz space (L, r), in which (A, 0), (A, iii)

and (B, i) do not hold. Note that r is not complete.    D

Note. It is easy to see that (A, iii) is equivalent to the statement:  "Every

sequence la  } C L with 9 <u   1 is a r-Cauchy sequence."

The following two lemmas will be useful later.

Lemma 1.3.  Let (L, r) be a Hausdorff locally solid Riesz space. Then we

bave:

(i) L is an Archimedean Riesz space.

(ii) // aa T and aa-^-> a, then aa T a in L. A similar statement holds for

decreasing nets.

(iii) Every band of L is r-closed.

Proof. First we note that since r is a Hausdorff topology L    is r-closed,

simply because L   = \u e L: u~ = 01.

(i) Let 6 < nu < v for « = 1, 2, •• • and some a, v e L .

Then we have 9 < v/n — a -A- a e L , which implies a = 9.

(ii) For fixed aQ we have ua — a     > 9 for all a> aQ.

It follows from this that u — ua   >9. This shows that a is an upper bound of

|aa!. Now if ua <v for all a., then 9 < v - aa-£-» v—u. Hence u < v. This shows

that ua T a.

(iii) Let D be a nonempty subset of L and let a e D   , where D   = \v 6 L:

\v\ A \w\ = 9 fot all w e D\. Then there exists a net |aa] C D    such that ua-ï* u.

Now if w e D it follows that 9 = |aj A \w\ -£-» |a| A |«>| and hence (since r is a

Hausdorff topology) |a| A |bv| = 9, i.e., a e D . This shows that D    is r-closed.

Since every band A of L satisfies A = A      [9, Theorem 22.3, p. 114] it follows

easily that every band of L is r-closed.    D

Lemma 1.4. Let (L, r) be a Hausdorff locally solid Riesz space. Assume that

for the two nets \f ], \ga\ of L we have 9 <fa i <gaï and ga- fa±+ 9.
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Then fa I f in L if, and only if,    ga I f in L.

Proof. Assume first falf in L. Let ga> g >/ for all a. Then ga- fa =

(ga - fa)* >(8- fa)* > e- lt follows from this that (g - /a)+ ^* 0. But, 0 < (g - /a)*T

(g _ /)+ = g - f. Hence from Lemma 1.3(H) we get g - f = 0, i.e., ga I /. Now,

if gai/in L, then we have 0 <f - f A fa\ <ga- faL+0. So f-f hfaU0. It
follows from Lemma 1.3(a) that / - / A fa = 0 for all a, so { <fa for all a. Since

ga i f and fa < ga for all a. it follows easily that fa I f.    □

2. The completion space (L, f). We recall that by (L, r) we shall denote a

Hausdorff locally solid Riesz space and by (L, f) its Hausdorff topological comple1

tion. We shall call (L, r) the topological completion of (L, r).

We start with the following important theorem.

Theorem 2.1. Let (L, r) be a Hausdorff locally solid Riesz space and let

(L, r) be the topological completion of (L, r). If L    denotes the r-closure of L

in L, then L    is a cone of L, and (L, r) equipped with this cone is a Hausdorff locally

solid Riesz space. In particular it follows that L is a Riesz subspace of L.

Proof. We show first that L    (= the r-closure of L    in L) is a cone of L.

Since L+ + L* Ç L    and aL+ Ç L    tot all a > 0, it follows easily from the conti-

nuity of the addition and the multiplication that

L*+L+ÇL*   and   a£ + CL+ for all a>0.

So, we have only to show that L+H- L   = ¡01. To this end, let î e L+ O _ £+.

Then there are two nets |«aJ, \w a j ÇL    such that ua¿-* û,Wo^-*— û. Thus

0 <U„<U„ + Wf,   -—--»    0.

Since r is a locally solid topology we see that ua^-*0. Hence û = 0, since r is

also a Hausdorff topology   This completes the proof that L+ is a cone of L.

We show next that (L, L  ) is a Riesz space. The mapping u h-» u    from (L, r)

into (L, f) is a uniformly continuous mapping. Hence, since (L, r)  is complete,

it can be extended uniquely to a uniformly continuous mapping p from L into L.

We show next that p(f) = / V 0 in L. To this end, let / e L. Then fa¿-*f for

some net i/ai of LJt follows from f*>fa that p(/a) - fa = /* - fa e L+, which

implies p(/) - / e L+ = L+, i.e., p(/) > / in £. Obviously, we also have that p(/)

e L . Now let f< g and 0 < g in L. We pick two nets {/J, íga¡ of L+ such that

fa -» S" / a"«1 «a -^ 8> then we have hCL = ga-fa^. f. But then ga = g£ > i*,

so Sa ~ P^>a) e L    and from this we get (by taking the f-limits) that g - p(f) € L+,

i.e., g > p(f) in L. This shows that p(f) = f     in L, and this shows that (£, L+)

is a Riesz space.

We finally show that (L, ?) is a locally solid Riesz space. To this end let
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V e \Vl Pick W e ÍV} such that W + WCV. Choose next H^ e |V¡ such that Wj +

Wj Ç W. Since a h* a   is continuous there exists U e \V] such that ü e U implies

û   e W.. Since we can suppose that our original basis |Vi of (L, r) consists of solid

sets, [V! will be consisting of circled sets. But then v e U implies —veU and so

(-v)* = C- efr Thus

\v\ = {/++ v~ ewl + WlÇW.

Hence v e U implies |i| e W. Now let \w\ < \v\ with v e U. Then obviously we

have that w     and w~   are in W and hence w = w    — w"  eW + W CV. This

shows that the solid hull S(U) of U is contained in V, i.e., U C S(U) C V. This

shows that (L, ?) is a locally solid Riesz space.    D

The next theorem gives a characterization for L to be an ideal of L.

Theorem 2.2. Let (L, ?) be the topological completion of the Hausdorff locally

solid Riesz space (L, r). Then the following statements are equivalent.

(i) L is an ideal of L.

(ii) Every order interval of L is r-complete.

Proof, (i) =» (ii). Since [/, g] = / + [9, g — f] it is enough to show that every

interval [9, u] (a e L  ) is r-complete. So let |/al be a r-Cauchy net such that

9 <fa<u for all a e \a\, u is fixed in L . Then fa -£-» / in L for some / in £.

It follows that 9 <f <u and so since L is an ideal of L we obtain / in L, i.e.,

[0, a] is r -complete.

(ii) =» (i). Assume 9 < / < «, / eL and u e L . We have to show that / is in

L , since L is a Riesz subspace of L. We pick a net |/a! Ç L    such that /a-^-» /•

We may suppose that 9 <fa<u for all a, otherwise we replace each fa by /a A u.

The r-completeness of [0, a] and the Hausdorff property of r imply that / is in L,

i.e., that L is an ideal of L.    □

Note. If L is an ideal of L then L is order dense in L, i.e., |Lj= L. Indeed,

if 9<feLd then /aX / for some net |/al of L+, therefore 0 = /a A /-1» /, so

/=0 and hence Ld = \9\. Thus |L|=L¿d=L. (|D| denotes the smallest band

containing the nonempty subset D.)

We recall that a net \fa\ of L order converges to / in L if there exists a net

IgJ of L such that |/a- f\ < ga 1 0 in L. We denote this by /a^ /.

The next theorem deals with the embedding of L into L and generalizes a

result of I. Kawai (see [5, p. 296, Theorem 4.1]).

Theorem 2.3. Let (L, ?) be the topological completion of a Hausdorff locally

solid Riesz space (L, r) and let I: L —» L be the embedding of L into L, i.e.,

1(f) = f for all f eL. Then the following statements are equivalent:

(i) The embedding of L into L, preserves arbitrary suprema and infima, or

equivalently, fal 9 in L implies fal 9 in L.



THE COMPLETION OF LOCALLY SOLID RIESZ SPACES 111

(ii) For every r-Cauchy net \fa\ of L    such that fa^¿* 0 in L, we have that

fahe.

Proof, (i) -» (ii). Let \fj Ç L* be a r-Cauchy net such that fa^0 in L.

It follows that there exists a net lga! Ç L    such that 0 < fa < ga [ 0 in L. By

hypothesis we have also ga 1 0 in L. We note that f/a! being a r-Cauchy net, is

also a f-Cauchy net, so fa—> f for some  j eL. But, for fixed ß e \a] and a > ß

we have 0 <fa<ga<gß which shows that 0 < /<go in L for all j8 e ¡a}. It

follows then that / = 0, so fa-^* 0, i.e., /a-^+ 0.

(ii) «■*• (i). Let /a 1 0 in L and assume that fa>f>0 loi all a e (a? in L.

We have to show that / = 0. Let fg. 1 be a net of L    such that g^—» /. Then we

have

l«X A 4" /V l«A A /a"/ A /J < l«X - /I    for all a, X.

This shows that

gX A /a    (j^    A

In particular we have that {gA A fa\ is a r-Cauchy net of L. We also have

0 < #X A/a S /a lfx aï ^ "• L- From our hypothesis it follows that g. A fa-r£-* 0- Hence

/ = 0 and this shows that /   I 0 in L.    o

Theorem 2.4. Let (L, r) be a Hausdorff locally solid Riesz space. Then the

following statements are equivalent.

(i) L = L, i.e., L is r-complete.

(ii) For every f, g eL with f < g there exists f e L such that f < / < g.

Theorem 2.4 is a corollary of the following general theorem.

Theorem 2.5. Let L be a Riesz subspace of the Archimedean Riesz space

K. Thei  the following statements are equivalent.

(i) L = K.

(ii) For every f, g e K with f < g there exists u eL such that f < u < g.

Proof. It is evident-that (i) =» (ii). We have only to show that (ii) ^ (i). To

this end let 0 < u* e K. Let A * be the ideal generated by u* in K. Then Lj -

L C\A * is a Riesz subspace of A * such that for every /*, g* in A *, /* < g*

there is u eLj with f* <u<g*.

By the Yosida representation theorem (see [9, Theorem 45.3, p. 308]) there

exists a Hausdorff compact topological space X such that A *  is Riesz isomor-

phic to a Riesz subspace A *   of C(X), with 2 *(x) = 1 for all x e X and with
u

A *   separating the points of X. Let Vx    be an open neighborhood of the point

x„ of X and let x be a point of X not in V    . Then there exists a function / e A *
0 x0 u
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such that /(x) = 2 and f(xQ) = 0. Without loss of generality we can suppose that

/ is positive, otherwise we replace / by /   . Let V    be an open neighborhood of

x such that /(y) > 1 for all y e V . Then the function of A * , g = a* A /, satis-

fies 0 < g < a* = 1, |(xQ) = 0 and g(y) = 1 for all y e V x- Since

X - V     C       M        V      and    X - V      is compact,
0~xix-v 0

xo

there exist neighborhoods |V   : i = 1, • • •, n] such that X - V     C II" . V   . Let
xi x0 — *'»■'      «j

g0 - V if = V «...
1=1 1=1

Then gQ e A », gQ(x) = 1 for all x not in V x , g0(xQ) = 0 and 0 < g0 < â* = 1.

Now if X consists of one point then C(X) = R and from this it follows easily

that a* eL and so a* e L.

Now let X contain more than one point and let x., x2 in X be such that

Xj5¿x2. We pick two open neighborhoods Vx , Vx    of Xj and x2, respectively,

such that V    n V    =0. Let /.  and /, be in Â * such that
*1 *2 * * u

0 < fv f2 <~* =1,     /i(*,) - /2(*2) = o,

^(x) = 1 for all x not in V   , f2(x) = 1 for all x not in V   . Since /, < a*, /2 < a*

there are gv g2 £^i, such that /, < gj < a*, f2 < g2 < a *. It follows from this

easily that

«1 V«2=«l Vg2 = «   -1,

so a* is in ¿j. Thus a* eLjCL. This shows that L = K.    G (See also [6, p. 273]

for another proof.)

A sufficient condition for some order properties of L to be inherited in L is

given in the next theorem.

Theorem 2.6. Let (L, r) be a Hausdorff locally solid Riesz space and assume

that L is an ideal of L. Then we have:

(i) // L is a-Dedekind complete, then L is a-Dedekind complete.

(ii) // L is Dedekind complete, then L is Dedekind complete.

Proof. The proof is similar to that of Theorem 66.5 of [7, Note XVI, p. 665].   □

3. The properties (A, ii) and (A, iii) are preserved under topological comple-

tion. The next theorem deals with property (A, iii).

Theorem 3.1. (i) The topological completion (L, r) of the Hausdorff locally solid
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Riesz space (L, r) satisfies condition (A, iii) if, and only if, (L, r) satisfies

condition (A, iii).

(ii) // (L, t) satisfies (A, iii)   then L is Dedekind complete and (L,t) satis-

fies (A, ii).

Proof, (i) Obviously (L, r) satisfies condition (A, iii) if (L, r) satisfies (A, iii).

Now let (L, r) satisfy (A, iii) and let 0 < /   i  in L. We have to show that

1/ i is a r-Cauchy sequence. To this end let U be a solid r-neighborhood of zero

and let V be also a solid r-neighborhood of zero such that V + V + V C U.

We construct next a sequence |V } of solid f-neighborhoods of zero such that

V. = V and V    , + V    , C V , for » = 2, 3, • • •. To do this start with V. = V.
I n+l n+1 —     n '     ' 1

Next pick a solid r-neighborhood of zero Wl such that Wj + Wl Ç V. Let V2 = IV..

Now pick a solid r-neighborhood of zero W2 such that W2 + W2 C "/,. Let V, = W..

Proceeding this way we construct the above sequence ÍV„|.

Given n e N, choose an element e   eL    such that   /   — e \ e V    ,. Con-
°n "n     °n' n+l

struct the sequence |/ni of L    defined by /   = A"_i g > for n = 1, 2, • • •. Then

it is evident that 0 < /  1 in L. it follows then from condition (A, iii) on (L, t)

that 1/ } is a r-Cauchy sequence and so surely it is a f-Cauchy sequence. This

shows in particular that \f   — f  \ e V for all n, m > «.. We also have that

/„-/„-/„-Âg,= v(/„-gl)< y;tfi-«p¿=i    j=i j=i

<Z 1/,-g.l eV2 + V3 + ... + VnCV,
i=l

i'=l

So, |/„ - /J < 2?., |/; -g.| € V, i.e., |/n - /J e V for all « = 1, 2,....

Now for «, »2 > nQ we have

1/  - /  I < 1/  - / I + 1/  -/  1 + 1/   -f\eV+V+VCU.un     ' m' — "n      'n'      "n      'm1       "m      'm' —

Hence 1/  - /  I e U for all n, m> nn, which shows that /  - /    e U fot all »2, m
n      ^m' —    u J n      ' m

> «0, i. e., 1/ ! is a r-Cauchy sequence.

(ii) Let  0 < ¿T < / in L. Then by (i) and Theorem l.l(ii) we see that {fa\ is

a ?-Cauchy net. Hence fa-£* g in (£, r). Now, Lemma 1.3(H) shows that 0 </aîg

in L, i.e., L is Dedekind complete. To see that (L, r) satisfies (A, ii) observe

that a complete Hausdorff locally solid Riesz space satisfies (A, ii) if, and only

if, it satisfies (A, iii).    D
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Theorem 3.2. // the Hausdorff locally solid Riesz space (L, r) satisfies con-

dition (A, ii), then the topological completion (L, f) of (L, r) satisfies also the

condition (A, ii).

Proof. From Theorem l.l(v) it follows that (L, r) satisfies condition (A, iii)

and from Theorem 3.1(i) we see that (£, ?) satisfies (A, iii). It follows now from

Theorem 3-l(ii) that (£, r) satisfies (A, ii).    D

The converse of Theorem 3.2 may be false as the following example shows.

Example 3.3. Let L = Cr0 ji  and let r be the Hausdorff locally solid topol-

ogy generated by the (Riesz) norm p(f) = f: |/(x)| dx. Then L satisfies (A, iii)

but not (A, 0) (see Example 1.2(iii)) so in particular not (A, ii). The completion

£ is the Riesz space L.([0, l]), i.e., the Lebesgue equivalence classes with the

usual ordering with r generated by the (Riesz) norm p([/]) = /Í |/(x)| dx and  £    ■

{[/]: / > 0 a.e.}. It is not hard to verify that (L, r) satisfies (A, ii).    D

Generalizing the idea of the topological completion we say that the locally

solid Riesz space (£,7") is a topological completion of the locally solid Riesz

space (L, r) (not necessarily Hausdorff) if:

(1) (L,y) is T'-complete.

(2) L is embedded in L as a Riesz subspace L.  of L; we shall think of L

and L.  as identical.

(3) (L, r) is a subspace of (L,y), i.e.,? induces r on L.

(4) L is y -dense in L.

The following lemma gives some information about the topological completions.

Lemma 3.4.  Let (L,y) be a topological completion of the locally solid Riesz

space (L, r). Then £+Ç L7 (= they-closure of L+) in (t,y). If y is a Hausdorff

topology, then L   = L .

Proof. Let H eL . Then there exists a net jaal of L such that ua—»2\

Since (L, y) is locally solid and L is a Riesz subspace of L we see that ua —►

u, i.e., u e L . This shows that  £   C L . If now y is Hausdorff then r is Haus-

dorff and hence y = r. Thus L = £, and it follows from Theorem 2.1 that £   =

P.    D
The next theorem is a generalization of Theorem 3.1(i).

Theorem 3.5. Let (£,?) be a topological completion of a locally solid Riesz

space (L, r). Then (L,y) satisfies condition (A, iii) if, and only if, (L, r) satis-

fies condition (A, iii).

Proof. The proof is similar to that of Theorem 3. l(i), taking into account Lemma

3.4.    D
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Next, we shall investigate under what conditions (A, i) in (L, r) implies

(A, i) in (L, r). Example 3.3 shows that (A, i) in (L, r) does not imply (A, i) in

(L, r), not even for normed Riesz spaces.

4. Upper and lower elements in the metrizable case. We shall assume next

that the topology r of the Hausdorff locally solid Riesz space (L, r) is metrizable,

i.e., the topology r is generated by a distance, or equivalently, there exists a

countable basis ÍV  î for the r-neighborhoods of zero such that fl°°_2 ^„ = '^»

(see [4, Theorem 1, p. 111]). We shall call (L, r), in this case, a metrizable locally

solid Riesz space.

Given a metrizable locally solid Riesz space (L, t) we define the following

subsets of L:

U = \fe L:  3,/J Ç L+; 0 < fn ] and /„ - /!,

A = }/ e L:   3f/J Ç L+; 0 < ¡n { and fn- /I.

We shall call the elements of U upper elements and the elements of A lower

elements.

It is easy to verify that U and A are cones of L and that they are closed

under the lattice operations.

Concerning the metrizable locally solid Riesz spaces we have the following

lemma, essentially due to W. A. J. Luxemburg [7, Theorem 60.3].

Lemma 4.1. Let (L, r) be a metrizable locally solid Riesz space. Assume V

is a r-neighborhood of zero of L and 9 < f eL. Then there exists an element

û e U such that f < û and ü — f e V, or in other words, every positive element of L is

the T-limit of a decreasing sequence of upper elements.

Proof. First we pick a countable basis iV !  of solid r-closed neighborhoods

of zero of L such that

Vn,l + Vn+l^Vn'    f°r«-l,2.

Choose a Vfe from \V ]. Since 0 < / e L we have / -^-» / for some sequence 1/ }

of L . This implies that 1/ j is a f-Cauchy sequence. Let Ig f be a subsequence

of \fj such that |gn+1 - gn| e Vfc+n+2 for n = 1, 2,. • •, and let aj = 0,

H-l

Un"gn+Z  lgi+i - «¿I e L+»      « = 2, 3, ••••
2 = 1

Then a«+l - un = «n+l ~ «n + l«n+i - 8J > Ö for « - 2, 3, • • •. which shows that

0 < un î in L. Further la } is a r-Cauchy sequence, as we can easily verify, so

u -Î-» û fot some û eL. Since g   < a   for 72 = 1, 2,• • •  and  g -^-> / in L, we

have also that / < a.
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It follows, now, from

K-/I<lgn-/VE lsI+i -s,le l«„-/l + X vfe+2+i.
1 = 1 1=1

C|g„-/l + v,+1

that un - f e Vk for all sufficiently large 72. Since V.  is r-closed it follows that

2 - f eVk. This completes the proof of the first part.

Now, given 72 e N pick an upper element /   such that f < f   and f  - f e V . Let g   =

A"=lÂ-' «= L 2,---.
Then g    is an upper element for all 72, f < g    for all 77 = 1, 2, •• «, g   1  in £

and 0< gn — f </„ — / e V , i.e., gn —* f. This completes the proof.    D

The following lemma is the "dual" of Lemma 4.1 and can be proved in a

similar manner as Theorem 60.6 of [7, Note XVI, p. 649].

Lemma 4.2. Let (L, r) be a metrizable locally solid Riesz space. Assume

V is a r-neigbborhood of zero of L, and 0 < f e L. Then there exists an element

2 e A, such that û < f and f — 2e V, or in other words, every positive element of

L is the r-limit of an increasing sequence of lower elements.

5. The properties (A, i) and (B, i) in the metrizable case. We prove first

that the property (A, i) is preserved under topological completion of the metrizable

locally solid Riesz spaces.

Theorem 5.1. The completion (£, ?) of the metrizable locally solid Riesz

space (L, r) satisfies (A, i) if (L, r) satisfies (A, i).

Proof. Let IV  i be a countable basis of the neighborhood system of the origin

of £ consisting of solid sets and let /   1 0 in £. We shall show that fn^-*0.

For a given n e N, let û   e U be such that 0 < /   < û   and 2 - /   e V .
0 n — ' n —   n n    ' n        n

This is possible by Lemma 4.1. Let w   = A"_i 2. e V, then we have 0 < /   1 <

w. 1 in L and 0 < 2»   - /   < 2„ - /    e V. for 72 = 1,. • •, so 2   - / -^-» 0.
71 —    71     ' n —   n      'n n n      'n

Since /   1 0 in £ it follows from Lemma 1.4 that 2   1 0 in £. This shows
1 n Ä Ä n

that we may assume that |/nl Ç (J, i.e., that \fn\ is a sequence of upper elements.

Now let Vk be one neighborhood from the sequence fVnl.   Given n e. N,

choose an element e   eL    such that /   — e    e V.      ,, and 0 < e   < f . Note
°n Ä 'n      °n «+n+z — °w — 'n

that this is possible since {/ ¡ Ç U.

Let f  =An_i¿?-e^    for 72 = 1, 2,.... Then we have

0<l-ln-fn- A   I,- V   (/„-*,><  Â  (/,-g.)
t'sl ixl 1 = 1

1=1
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So>/,,-/,, eVWorw = 1'2'"--

Now we observe that /   1 0 in L, so / -^* 0 since (A, i) holds in (L, r).

This implies that /  -^-» 9. In particular we have fn e V.   j for all 72 > nQ. So, we

have fn ' U + {L 'O € Vk + l + Vk + l Í Vk for » ^ V hence   £ £ V* for n ä »o'

i.e.,/„-2^0.    D
We recall that a positive operator T from a Riesz space L into another is

called an integral if a   i 0 in L implies T(a ) 1 0 in M.

Theorem 5.2. Assume that (L, r) and (M, a) are two Hausdorff locally solid

Riesz spaces with (L, r) metrizable and with (M, a) satisfying (A, i),

// T: (L, r) —» (M, a) is a positive continuous linear operator which is also an

integral, then the unique linear continuous extension   T: (L, ?) —> (M, a) is also

an integral.

Proof. Obviously the continuous linear extension of T, T, is positive. Let

2   I 9 in L. We have to show that T(â ) 1 0 in M. We can assume that la  } C U.
n n n   —

Indeed, as in the previous theorem we can construct a decreasing sequence \w \ C U

such that 0 < 2   < w   for 72 = 1, 2, • • •   and w   - 2 -L 0. So, 0 < f (2 ) i < T(w ) I

for n = 1, 2, - • •   and 6 < T{w ) - T(u ) = T(£   - w ) —♦ 0. Usine Lemma 1.4 we can
— n n n ti °

see that our assertion is valid. So, let (2 Í C V be such that u   1 0 in L. We have

to show that T(5 ) 1 6 in M. Assume that T(£ ) > h > 0 for n = 1, 2, • • •   and some
n n   —     —

¿ eM.

Let W be a solid 0 -neighborhood of zero of M and let W.  be another ^-neigh-

borhood of zero of M such that W. + Wj C W. We choose next a solid r-neighborhood

V of zero of L such that T(â) e W, for all â e V. Let |V I be a basis for the

neighborhood system of the origin of L consisting of solid sets and such that V    .

+ V    , CV , «-1,2,...   andV. + V, CV.
fi+i —    n i i —

Given n e N pick an element 9 < u   eL    such that 0 < a   < 2   and 9 < û   -
* —    n —    n —    n —    n

a   e V . Let u>   = A" a., n = 1, 2, • • •. Then obviously w   1 0 in L, and so
n        n n     ' x i     i ' '      n

T(w ) 1 0 in iM. Hence it follows from (A, i) of (M, o) that T(ii/ ) -2* 0. So in par-

ticular T(w ) e W,  for all 72 > 72..

We observe now that

n n n

9<û   -w   =2   - A "■ = V («   -"•)< V (2.-a.)
i=l i=l 1=1

ri

< Z ("¿ - «¿) C Vj + • ■ • + v„ Ç Vj + Vj ç V,
1=1

so 2  - a/   e V for n = 1, 2,.... Hence 0 < h < f(Û ) = f(û  ~w) + T(w)eW,+
n        n ä ■ --     —        n n        n n l

W.ÇW for ail n>nQ. So h e W for ail â -neighborhoods W of zero of M. Since â

is a Hausdorff topology we have h = 9, i.e., T(2 ) 1 9. This completes the proof.   □
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The following theorem says that (B, i) is preserved under the topological com-

pletion of a metrizable locally solid Riesz space.

Theorem 5.3. The topological completion (£, ?) of a metrizable locally solid

Riesz space (L, r) satisfies (B, i) if, and only if, (L, r) satisfies (B, i).

Proof. Obviously if (£, r) satisfies (B, i) then (L, r) satisfies (B, i). So

assume (L, r) satisfies (B, i) and let 0 < /   î  be a r-bounded sequence of £. We

have to show that í/ i is a r-Cauchy sequence. To do this, let W } be a sequence

of solid r-neiehborhoods of zero such that V    , + V    , C V    for 72 = 1, 2, • « •.
° n+i 71+* —    n r    *

Pick a V.  from ÍV }. Given n> k + 2 choose an element e   eL    such that \f   —
k n °n "n

g | e V    ., and construct the sequence /  = \/n_k 3 g- for 72 = k + 3, k + 4, • • •.

Then we have 0 < /   T in L, and
— ' n ' '

i'=*+3 i=t+3

i=ft+3

71

/„-/„</„-g„ < Z Ig,.-/,!,
!sfc+3

for all n > * + 2, so, |/n - /J < 2»=fc+3 |/. - g.|  e Vfe+2; hence |/n - /J   e Vfe+2 for

72 = k + 3, A + 4, • • «.

On the other hand we have

0<   t    H-fJT   and    |¿    l/,.-g,|:«>Ä + 3l

is a ?-Cauchy sequence. Hence

¿J'~8*  '*> + ''"+-   î
for some j eL. It follows from Lemma 1.3(a) that S"_¿ . |/¿ - g,| f /, so, 0 <

l/„ - f„\ < U for « = * + 3» * + 4, • • •. Since [0, /] is r-bounded \f„-f„-n>k + 3\

is r-bounded.   This implies that \f   — f \ is r-bounded.
* ' n       n

We observe now that /   = /   - (/  - / ) for n = 1, 2, • • «   and by hypothesis
1 n     ' n      ' n     * n »

{/ } is a r-bounded sequence. Hence \f \ is a r-bounded sequence of £ and so

surely it is a r-bounded sequence of  L. Now, since (L, r) satisfies (B, i) \fn\ is

a r-Cauchy sequence of L and so it is also a ?-Cauchy sequence of £.

This implies in particular that \fn - f \ e V .2 tot all n, m>nQ> k + 3.

Now, for 72, 772 > 72. we have
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l/„ - Ü 1 l/„ - /J + I/. - fJ + \L - Ü £ Vk+2 ♦ vfe+2 + vfe+2 c vfc,

so, f„ — fm e ^ f°r all «, 722 > 72Q, i.e., l/nl is a r-Cauchy sequence.   D

6. The property (A, 0) in the metrizable case. We recall that a locally solid

Riesz space (L, r) satisfies condition (A, 0) whenever it follows from a 1 0 in

L and la } a r-Cauchy sequence that a -£-> 0. It is evident that if (L, r) is r-com-

plete and Hausdorff then (L, r) satisfies the property (A, 0).

The following theorem gives some characterizations of the (A, 0) condition

for the metrizable locally solid Riesz spaces and generalizes a result of W. A. J.

Luxemburg [7, Theorem 61.5, p. 652].

Theorem 6.1. Let (L, r) be a metrizable locally solid Riesz space. Then the

following conditions are equivalent:

(i) L satisfies condition (A, 0).

(ii) For every 9 < f eL there exists f eL such that 9 < f < f.

(iii) For every 0 < / e £ we have f = sup 1/ e L: 0 < / < /1,

(iv) The embedding of L into L preserves arbitrary suprema and infima, i.e.,

f   i 9 in L implies fal 9 in L.

(v) The embedding of L into L preserves countable infima and countable

suprema, i.e., f   10 in L implies f   I 9 in L.

Note. Condition (iii) is expressed by saying that L is order dense in L.

Proof, (ii) «=> (iii). Suppose that (iii) holds and 0 </ eL. Since / =

sup 1/ e L: 9 < / < / ! in £ it follows that 0 < / < / for some f in L and this shows

that (ii) holds. Suppose now that (ii) holds, and 0 < / eL. Let g e L be such

that / e L; 0 < / < /  implies /< g.  Assume further that g < /. If g < /, then since

(ii) holds, we have 0 < / < / — g<f fot some 0 < / e L. This also implies, accord-

ing to our assumptions, that 9 < f < g and so 0 < 2/ < / which also implies 0 <

2/ < g. Proceeding inductively we see that 9 < nf < f fot n = 1, 2, • • •   and 0 < /.

This contradicts the fact that L is Archimedean (Lemma 1.3(i)). So g = / and this

shows that / = sup 1/ ei.: ö</</i.

(iii) =» (iv). Let fa I 9 in L. If 0 < / < fa for all a e |a] holds in L, then

since (ii) <=> (iii) there exists an element 0 < / e L such that 0 < / < / < fa for

all a e |a¡, i.e., inf |/ai 49 in L, a contradiction. This shows that fai 9 in L.

(iv) ^ (v). Obvious.

(v) =» (i). Let /   ] 0 in L and \fn\ be a r-Cauchy sequence. Then fn—► /

in L for some / eL, and so by Lemma 1.3(H) we have /   1 / in L. Since (v)

holds we get / = 0, i.e., f„^-*9.

(i) => (ii). Let 0 < / e L and assume that if / e L with 9 < f < f, then / = 0.

We show that this assumption implies f =9. To this end, let V be a solid r-neigh-

borhood of zero in L. By Lemma 4.2 there exists g e A (a lower element) such
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that 0 < g < / and f — g e V. t So there exists a sequence {g J Ç £■    such that

g < 8„ i and gn—»g, so in particular \gn\ is a r-Cauchy sequence. We show

next that gn 1 0 in L. Indeed, if 0 < g < g    for all n, then it follows that 0 < g

< g < / and so by our hypothesis g = 0, i.e., g   1 0 in L. Hence, by property

(A, 0) of (L, r) it follows that g -Ï-* 0 in L and so gn-^* 0 in £. This implies

that g = 0. But then, / = / - 0 = / - g e V; for all neighborhoods V of the origin

of L and this implies that / = 0. This completes the proof.    D

Corollary 6.2. If a metrizable locally solid Riesz space (L, r) satisfies £+ =

U, i.e., if every positive element of £  is an upper element, then (L, r) satisfies

condition (A, 0).

Proof. Let 0 < / e £. Then we have 0 < / î / for some sequence {/ } Ç L

with / -£■» /. So in particular we have / = sup \f e L: 0 < f < f ]. It follows now

from Theorem 6.1 that (L, r) satisfies (A, 0).    D

Next we shall investigate under which conditions the Dedekind completeness,

c-Dedekind completeness and super Dedekind completeness of L can be carried

to the topological completion. We proceed with the following lemma.

Lemma 6.3. If a metrizable locally solid Riesz space (L, r) satisfies condi-

tion (A, 0) and if L is a-Dedekind complete, then we have:

(i) Every interval of L is r-complete, i.e., [0, a] is T-complete for every

u eL*.

(ii) £   = U, i.e., every positive element of £ is an upper element.

Proof. Let / e A, i.e., let / be a lower element. This means there exists a

sequence 1/ |CL    such that f  \ f and / —» /. So in particular {/ } is a

r-Cauchy sequence. Since 0 < /   1  in L and L is a-Dedekind complete we have

f   l f e L    in L for some /. But then it follows from Theorem 6.1 that / = / e L .

So, A C L , i.e., the lower elements of L are the positive elements of L.

(i) Now let 0 < / < /  and f eL. From Lemma 4.2 and the above discussion

it follows that there exists a sequence  \fn\ Ç L , /   T   and /  -^-» /. But then fn î

f0 < f in L, so fQ — f   1 0 in L and \fQ - fn\ is a r-Cauchy sequence. Hence

from condition (A, 0) of (L, r) we see that / -^-» /»so / = / e L. This shows that

L is an ideal of £. The result of (i) now follows immediately from Theorem 2.2.

(ii) We only have to show that / e £    implies f e U. This is a direct appli-

tion of Lemma 4.2 and the above discussion.    D

Next we give an application of Lemma 6.3.

We recall that a subset A of a Riesz space L is called order complete when-

ever it follows from fa ] < f in L and i/al Ç A that sup |/al exists in L and

supi/a! e A. A locally solid Riesz space (L, r) is called a locally order complete

Riesz space if there is a neighborhood basis of zero for r consisting of solid and

order complete sets. (See [10, p. 139].)
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With respect to the above notion we have the following theorem due to

H. Nakano (see [13]).

Theorem 6.4. // (L, r) is a locally order complete Riesz space, then every

order interval is r-complete.

We use Lemma 6.3 to give a different proof of Theorem 6.4 in the case in

which r is metrizable. It is evident that L is Dedekind complete and so in parti-

cular it is a-Dedekind complete. We prove next that (A, 0) is satisfied in (L, r).

Indeed, if 1/ } is a r-Cauchy sequence of L and /   1 0 in L then we have fn — fm

e V for all », m > ri-, where V is a solid and order complete neighborhood of zero.

So for fixed n > nn, we have /  - /    î  ^      /   in L, thus /   e V for all n > nn
—   U 'n     'm    rn2ft()    n 'n —    u

and this shows that / -£-» 9, i.e., (A, 0) is satisfied in (L, r). The result now

follows immediately from Lemma 6.3.

Theorem 6.5. Let (L, r) be a metrizable locally solid Riesz space satisfying

condition (A, 0).

(i) // L  is a-Dedekind complete, then £  is a-Dedekind complete.

(ii) // L is Dedekind complete, then L is Dedekind complete.

(iii) //  L is super Dedekind complete, then L is super Dedekind complete.

Proof. From Lemma 6.3(i) it follows that L is an ideal of £. So, (i) and (ii)

follow immediately from Theorem 2.6.

(iii) It follows from Lemma 6.3 that L is a super order dense ideal of £ which

by its own right is a super Dedekind complete Riesz space. Also by (i) we have

that L is a a-Dedekind complete Riesz space. The result now follows from

Theorem 29.5 of [9, p. 169].    D

Note. The condition (A, 0) is essential for Theorem 6.5. In [7, p. 655, Example

66.6], W. A. J. Luxemburg exhibits a super Dedekind complete normed Riesz space

L    whose norm completion is not even a-Dedekind complete.

We continue this section by generalizing a result of Luxemburg and Zaanen

[8, Theorem 33.8, Note X, p. 505], and one of Nakano [11, pp. 321-322].

Theorem 6.6, Let (L, r) be a metrizable locally solid Riesz space. Then the

following statements are equivalent:

(i) (L, r) satisfies (A, ii).

(ii) (L, t) satisfies both (A, 0) and (A, iii).

(iii) (L, r) satisfies both (A, i) and (A, iii).

Proof. Obviously (ii) holds if, and only if, (iii) holds. Also it follows from

Theorem l.l(v) that (i) implies (ii). So we have to show only that (ii) implies (i).

To this end let, 0 < ua î a  in  L.  It follows from Theorem 1.1(H)  that |aal

is a r-Cauchy net.  So   a   -£* 2   for some   2 in  L.  But then by Lemma 1.3(a)
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we have ua î 2 in £. It follows now from Theorem 6.1 that u = 2, i.e., aa-^-> a

and this shows that (L, r) satisfies the property (A, ii).    □

Theorem 6.7. Let (L, r) be a metrizable locally solid Riesz space. Then the

following statements are equivalent:

(i) (L,t) is a-Dedekind complete and (A, i) holds.

(ii) (L, r) is super Dedekind complete and (A, ii) holds.

Proof. Obviously (ii) implies (i). We show next that (i) implies (ii). We see

easily that if (i) holds then the (A, iii) condition also holds in (L, r). Hence from

Theorem 6.6 we obtain that (A, ii) holds in (L, r).

Now let 0 < ua î < aQ in L. It follows that {aal is a r-Cauchy net. Hence

a  —► 2 for some û eL. Since ? is metrizable there exists a sequence fa    } C
- ô n   ~"
(a„{ such that u„   -£-» 2. We can suppose that 0 < a„ Î. It follows from the ct-

a an * * —    an i

Dedekind completeness of L that ua   \ u for SOme a e L. Combining Lemma

1.3(ii) and Theorem 6.1 we see that 0 < ua î a and this shows that L is super

Dedekind complete.    D

The Example 1.2(v) shows that Theorems 6.6 and 6.7 can be false for non-

metrizable topologies.

From Theorems 3-l(ii) and 6.7 the following result should be clear now.

Theorem 6.8. Let (L, r) be a metrizable locally solid Riesz space. If (L, t) satisfies

(A, iii) then L is super Dedekind complete and (L,r) satisfies (A, ii),

7. The projection properties. We start with the following lemma generalizing

a theorem of W. A. J. Luxemburg [7, Note XVI, Theorem 66.3, p. 664].

Lemma 7.1.  Ler (L, r) be a Hausdorff locally solid Riesz space. Thenthe

closure A  in (£, r) of the projection band A of L is a projection band of £.

Moreover A   = (A) .

Proof. Let A be a projection band of L. Then L = A © A .We will show

that £ = A © A , where — denotes the closure in (£, r). So let 0 < / £ £. Then

there exists a net i/al Ç L    such that /a-^-» /. But then since L = A ® A    we

can write fa = f'a + fa , 0 < f'a e A, 0 < fa e Ad for all a £ |a|, and so |/ai -

fa2\ « \f'*x - fa2\ + I/«, - /a2l   '<« «" «V a2 (see &> The0rem UA®> P" 69])-

The last relation shows that the nets 1/^1 and 1/^1 are two r-Cauchy nets of

£. So f'a -!-* /j and fa -U f2 for some fv f2 eL. So f=fi + f2 <= Ä + Ad, i.e.,

£ = Ä -t- Ad. To show that Ä n A¿ = |0i, let 0 < / e Ä n Ad. Then there are two

nets of L+, \fj Ç A and {gj Ç Ad such that fJL f and gaÂ /. Therefore 0 =

/  A ga-^-» / A / = /; hence / = 0 and this shows that £ = A © A  . We show next

that A  and A    are ideals of £. It is clear that A  is a vector subspace of £. Now
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let / e I. Then fa-L f for some net ¡/J ÇA. But then ||/J j Ç A and |/J 1»

l/l, so l/l e Ä. Now if 9 <f<g and g e Ä it follows easily that f e A. This

shows that A is an ideal of £. Similarly for A  . The conclusion now follows

from Theorem 24.1 of [9, p. 131].   ü

An element 9 < e of a Riesz space L is called a weak unit if Be = L, i.e., if

the band generated by e is all of L. Note that for Archimedean Riesz spaces

9 < e is a weak unit if, and only if, |/| A e = 9 implies / = 9.

A condition is given next in order for L to possess a weak unit.

Theorem 7.2. Let (£, f) be a Hausdorff locally solid Riesz space with a weak

unit. Assume that L is order dense in L. Then L has a weak unit.

Proof. Let 9 < ee L be a weak unit of L and let 0 < / e £; / A e = 0. Assume

0 < /. Pick an element 0 < / e L such that 9 < f < f. But then / A e = 0, a con-

tradiction. Hence / = 0 and so B   = £, i.e., e is a weak unit of £.    D

Combining the above two results we get the following:

Corollary 7.3. Let (L, r) be a Hausdorff locally solid Riesz space which is

order dense in £ (in particular if r is metrizable with (A, 0)). If 9 <u e L and if

the band B    generated by a in L is a projection band, then the closure of B    in

(L, r) is the band generated in £ by a.

Proof. Since a is a weak unit of B , Theorem 7.2 implies that a is a weak

unit of B    (the closure of B    in £). By Lemma 7.1, B    is a band of £ and by

Lemma 1.3(iii) every band of £ is r-closed. The order denseness of L in £ shows

that every band of L containing a must also contain B . Thus the smallest band

containing u in  L  is  ß  .    D

From the above corollary we might expect that the principal projection property

is preserved under topological completion whenever (L ,r) is as in Corollary 7.3.

It was shown by W. A. J. Luxemburg [7, Example 65. 6,p. 663] that this is not true

and so Corollary 7.3 seems to be the best result we can get without additional

assumptions.

Theorem 7.4. Let (L, r) be as in Corollary 7.3. Assume that L has sufficiently

many projections.  Then £ has sufficiently many projections.

Proof. Let A be a nonzero band of £. Then the order denseness of L in £

implies A n L 4 \9\ and that A n L is a band of L. Pick a nonzero projection

band B of L such that B Ç A O L and use Lemma 1.3(iii) to see that B ÇA. Now,

apply Lemma 7.1.   □

Theorem 7.5, Let (L, r) be a Hausdorff locally solid Riesz space. Assume

that L is order dense in L and that L has the projection property.  Then £ is

Dedekind complete.
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Proof. Let B be a band of £. Then BOL is a projection band of L. It

follows from Lemma 7.1 that BOL  is a projection band of £. Note that Lemma

1.3(iii) implies B D L C B. On the other hand if 0 < a e B then 0 < aa î 5 holds

in £ for some net {«J of B O L and hence 2 e B D L. Thus B = B O L and this

shows that £ has the projection property. The result now follows from [9, Theorem

42.6, p. 280] by observing that £ is uniformly complete.    D

Remarks. (1) If K and L denote the universal and Dedekind completions of

L respectively and if (L, r) is as in Theorem 7.5 then the following interrelation-

ships hold: LCLS CLCK.

(2) Note that Theorem 7.5 is an extension of Theorem 2.6(ii).

8. Open problems. We conclude this paper by exhibiting some open questions:

(1) Are the (A, i) and (B, i) properties preserved under topological comple-

tion without assuming metrizability?

(2) Is Luxemburg's approximation theorem (Lemma 4.1) true without assuming

metrizability? (Define 0 < / e £ to be an upper element if 0 < /   | and fa-^-*f

for some net \fa\ oí L .)

(3) Define the following generalized (A, 0) property for locally solid Riesz

spaces (L, r): ua I 0 and iaa! is a r-Cauchy net implies aa-^» 0. Note that for

metrizable spaces this is equivalent with (A, 0) but not for nonmetrizable Riesz

spaces (Example 1.2(v)). Note also that condition (ii) of Theorem 2.3 (Kawai's

condition) implies this generalized (A, 0) property. Question: Is Kawai's condi-

tion equivalent with the above property in general?  Or in other words, is the gen-

eralized (A, 0) property equivalent with the embedding of L into £ preserving

arbitrary suprema and Ínfima?

(4) Are the statements (iii) and (iv) of Theorem 6.1 equivalent for nonmetrizable

Hausdorff locally solid Riesz spaces?
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